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PINNING WITH A VARIABLE MAGNETIC FIELD OF THE TWO 
DIMENSIONAL GINZBURG-LANDAU MODEL 

K. ATTAR 


Abstract. We study the Ginzburg-Landau energy of a superconductor with a variable mag¬ 
netic held and a pinning term in a bounded smooth two dimensional domain Supposing 
that the Ginzburg-Landau parameter and the intensity of the magnetic held are large and of 
the same order, we determine an accurate asymptotic formula for the minimizing energy. This 
asymptotic formula displays the inhuence of the pinning term. Also, we discuss the existence 
of non-trivial solutions and prove some asymptotics of the third critical held. 


1. Introduction 


We consider a bounded, open and simply connected set 17 C with smooth boundary. 
We suppose that 17 models an inhomogeneous superconducting sample submitted to an applied 
external magnetic field. The energy of the sample is given by the so called pinned Ginzburg- 
Landau functional, 

<£’K,R,a,So(V’, A) = J ^|(V - ZKiLA)V'|^-b Y(a(x,K) - y | curl A - Bo|^ dx . 

( 1 . 1 ) 

Here k and H are two positive parameters such that k describes the properties of the material, 
and H measures the variation of the intensity of the applied magnetic field. The modulus of 
the wave function (order parameter) ijj G R^(17; C) measures the density of the superconducting 
electron Cooper pairs. The magnetic potential A belongs to where 

R(|Jj.^,(17) = {A = (Ai, A 2 ) G id^(17)^ : div A = 0 in 17 , A • zz = 0 on 917 } , (1-2) 


with iz being the unit interior normal vector of 917. 

The function kH curl A gives the induced magnetic field. 

When i/z = 0 and (i/;, A) is a minimizer or a critical point of the functional, we call this pair 
normal state. In our case it is easy to see normal minimizers (if any) are necessarily in the form 
(0, A) with A in Rj..^(17) such that curl A = Bq. This solution is unique and denoted by F. A 
natural question will be to determine under which condition this normal solution is a minimizer. 

The function Bq G (9“ (17) is the intensity of the external magnetic field which is variable in 
our problem. Let 

r = {x G 17 : Bq{x) = 0} . (1-3) 

We assume that either L is empty or that Bq satisfies : 

f l-Bol + |VBo| > 0 in 17 
\ VRo X n 7 ^ 0 on r n 917 . 


The assumption in (1.4) implies that for any open set io relatively compact in 17, F n w is either 
empty, or consists of a union of smooth curves. 

The energy £K,H,a,Bo considered here is slightly different from the classical Ginzburg-Landau 
energy in the sense that there is a varying term denoted by a(x, k) penalizing the variations 
of the order parameter i/z and called the pinning term. This term arises also naturally in the 
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microscopic derivation of the Ginzburg-Landau theory from BCS theory (see m) without any 
a priori assumption on the sign of a. 

In this paper, we will assume that the pining term a satisfies: 

Assumption 1.1. The function a{x,K) is real, defined on Q x [koj+oo), and satisfies for some 
kq > 0 the following assumptions: 


(Ai) 


Vk > kq , a(-, a) G (7^(0) . 

(1.5) 

(A 2 ) 


sup \a{x, k) < -|-oo . 

k,>k,q 

(1.6) 

(As) 


sup Vx a(x, a) <-|-oo . 

(1.7) 

(A 4 ) 

There exists a positive constant Ci, such that, 



Vk > Ko ) P (5{a(a;, k) > 0}) < Cik^ , 

(1.8) 


where L is the "length" of d{a{x, k) >0} in Q in a sense that will be explained in (3.1). 
Let us introduce for later use, 


L{k) = sup Va; a{x, k) , 

X 

(1.9) 

a = sup a{x, k) 

K,>K,0 

( 1 . 10 ) 

a= inf a{x,K). 

xGQ,, k,>ko 

( 1 . 11 ) 


and 


The assumption in (A 3 ) gives a uniform control for any k of the oscillation of a(., k) which will 
be made precise later by an assumption on L{k). Notice that the normal state (0, F) is a critical 


point of the functional in (1.1). It is standard, starting from a minimizing sequence, to prove the 


existence of minimizers in x of the functional £K,H,a,Bo- A minimizer (V^, A) 


of (1.1) is a weak solution of the Ginzburg-Landau equations. 


— (V — iKHA)‘^'il> = {a{x, k) — \'4>\‘^) 

—V-*- curl(A — F) = —— lm('0 (V — iKHA)fi) in Q 


in n (a) 


kH 


u • (V — iKHA)'fi = 0 
curl A = curl F 


laj 

(b) 

on 90 (c) 

on do, (d). 

Here, curl A = dxiA 2 — dx 2 Ai and V"*- curl A = ( 93 ; 2 (curl A), —9a;^(curl A)). 

Let us introduce the magnetic Schrodinger operator in an open set H in 

^l,i/ = -(V-iA )2 + F(x), 

where A G and F is a continuous function bounded from below. 

The form domain of P^y is 

V{n) = {uGL‘^{0), {V-iA)uG L^{0), {V + C)^^uG L^{0)] , 
and its operator domain is given by 

D{P%y):={uGV{0), P%yuGL^{0), u • (V - iA)^ = 0 on . 


( 1 . 12 ) 


(1.13) 
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Then, (1.12) reads 


Pa,v'<P = 


with A = kHA, iIj G D{P^y) and V = —k? a . 


There are many papers on the Ginzburg-Landau functional with a pinning term, most of 
them study the influence of the pinning term on the location of vortices, i.e. the zeros of the 
minimizing order parameter. For the functional without a magnetic held (i.e. i?o = 0 in ( |1.1[ )), 
the inhuence of the pinning term is studied in |28| and more recently in j82| and the references 
therein. The pinning term (i.e. the function o) in [28] is a step function independent of a; more 
complicated AC-dependent periodic step functions are considered in |32j . The magnetic version of 
the functional in [28] is studied in |25[ 126] . 

In |2], Aftalion, Sandier and Serfaty considered a smooth and ^-dependent pinning term a 
satisfying: 

(Hi) L{k) <€. kH. 

{H 2 ) There exist a continuous function a{x), a positive constant qq and, for all k > 0, there 
exist two functions o'(k) = o ^(in |ln ^|) and /3(x, k) > 0 such that, 

min j3{x, k) = 0 , a{x, k) = a{x) + I3{x, k) , and 0 < oq < a(x) < 1. 

B(x,a{K)) 


The study contains the case when o(x, k) = a{x) {15 = 0) but also cases with a k- control of the 
x-oscillation of /?(•, k) which could increase with k. In the scales of this paper, the results in |2] 
are valid when the parameter H is of order as k —>■ + 00 . 

Extending the discussion, the functional in (1.1) is close to models of Bose-Einstein condensates 
(seee.g. [I1|3]). 

In this paper, we will analyze how the pinning term appears in the asymptotics of the energy 
in the presence of a strong external variable magnetic held (see Theorem 1.2 below). Also, we 
discuss the inhuence of the pinning on the asymptotic expression of the third critical held Hc^ 
(see Theorems 1.6 and 1.7). 

We focus on the regime of large values of k, k —)> -|-oo and we study the ground state energy 
dehned as follows. 


Eg{K,H,a,Bo) = ini a, 


{^,A)eH\n-C)xHl^{n)}. 


(1.14) 


More precisely, we give an asymptotic estimate which is valid in the simultaneous limit k —-|-oo 
and H (k) —>■ -|-oo with the constraint that —^ remains asymptotically of uniform size, that is 
satisfying 


H{k) 


< A 


^'max 


{k > Ko) 


(1.15) 


where Aminj Amax are positive constants such that Amin < Amax- 

The behavior of Eg{K, H,a, Bq) involves a function / : [0,-|-oo) —> [0,^] introduced in jS] 
Theorem 2.1]. The function / is increasing, continuous and f{b) = for all 6 > 1. 


Theorem 1.2. Suppose that Assumption o and (jl.lSj) hold, and 


L{k) = 0{k2) 


as K —)■ - 1-00 . 


(1.16) 
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The ground state energy in (1.14) satisfies 
Eg{K, H,a, Bq) = / a{x,K)^f 


'{a(a;,K)>0} 




{a(a;,K)<0} 


K a{x, K) ) 

a(x, dx + 0 (a^) , as A—;■+oo . (1-17) 


When Tt n {a(x, k) > 0} = 0 , we obtain directly from (1.14) 

,..2 r 


A) > 




a{x,KY dx = <?K,/f,a,Bo(0,F). 


Hence the minimizer of £K,H,a,Bo is the normal state. In physical terms, this case corresponds to 
the case when we are above the critical temperatnre. 

We will describe later cases when the remainder term in (1.17) is indeed small compared with 
the leading order term (see Section . 

The assnmptions in Theorem|1.2|contain the case when the fnnction a is constant and eqnals 1, 


which was proved in |3j nnder Assnmption (1.15). 


Along the proof of Theorem |1. 2 [ we obtain an estimate of the ‘magnetic energy’ as follows: 
Corollary 1.3. Under the assumptions of Theorem \l.S\ we have 

{kHY / I cnrl A — dx = o(y), as k —)■+oo . (1-18) 

Jn 

If "D is a domain in we introdnce the local energy in V of {fi, A) G C) x by: 

£o{'ip, A;a,V) = f \(V — iKHA)fi!\‘^ dx + — f {a{x, k) — dx . ( 1 - 19 ) 

Jv 2 Jjy 

The next theorem gives an estimate of the local energy A; a, V). 


Theorem 1.4. Under the assumptions of Theorem 1.2, if {if, A) is a minimizer of (1.1) and T) 
is regular set such that T> <zTl, then 


£o{if,A;a,V) = K^ a{x,KYf 

J'Dn{a(x ,k)>0} 

.2 r 


H \Bo{x)\ 
K a{x, k) 


dx 


+ 


K 


I 'Dr\{a{x,K)<0} 


a{x, kY dx + o (y) , as k —> +oo . (1.20) 


Theorem 1.4 will be nsefnl in the proof of the next theorem which gives the asymptotic behavior 
of the order parameter if, when {if. A) is a global minimizer. 


Theorem 1.5. Under the assumptions of Theorem 1.2, if {if. A) is a minimizer of (1.1) and T> 
is a regular set such that T) <zTl, then 

'H\BYx)[ 


L 


x)|'^dx = — / a{x,KY 

V J T>n{a{x ,k)>0} 


{ 2 /( 


K a{x, k) 


— 1 dx + o (1) , as K —> Too . 

( 1 . 21 ) 


Formnla (1.21) indicates that if is asymptotically localized in the region where a > 0. When 
a(x, a) = 1, Theorem 1.5 was proved in |4]. 

The techniqnes that we are going to nse here are inspired from those of 21 |5] (where 

the case a = 1 was treated). At a technical level, onr proof is slightly different than the proofs 
in mil [36] since we do not nse the nniform elliptic estimates. These important estimates are 
freqnently nsed in the papers abont the Ginzbnrg-Landan fnnctional (see m) with a constant 
pinning term. They appeared first in |30| and were then extended to the fnll regime in 
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Compared with other papers studying the pinned functional, one novelty here is that the 
pinning term has no definite sign, another one being the consideration of a variable (and a 
potentially vanishing) applied magnetic field. 

The rest of this paper is devoted to the study of third critical field, i.e. the field above which 


the normal state (0, F) is the only critical point of the functional in (1.11, in the case when the 
pining term a is independent of n (i.e. a{x, k) = a(x)). We define the set: 


= {H > 0 : £K,H,a,Bo has a non-normal critical point} 


Notice that the above set is bounded (see Theorem 8.5). We also introduce the two sets: 


AA(fi:) = {H > 0 : £K,H,a,Bo has a non-normal minimizer} . 
AA1 “(k) = {H>0: /ii(A, H)<0}. 

Here, is the ground state energy of the semi-bounded quadratic form 


O 


I.e. 


f {\{y-iKHF)4>f - K^a{x,K)\(p\‘^) dx, 
Jn 


Hi{k, H) = inf 






( 1 . 22 ) 

(1.23) 

(1.24) 

(1.25) 

(1.26) 


Note that /ri(K, H) is the lowest eigenvalue of _^ 2 q- Here, we refer to |9l |271 |33l 131] for 
previous contributions. 

We introduce the following critical fields (cf. e.g.|lll 130) 1. 



= sup , 

F^3(A) = inf(M+\A^'=^’(Ac)), 

(1.27) 


= sup M{k) , 

= inf (K+ \ AA(a)) , 

(1.28) 

Fg(A) 

= sup , 

F(S3^(A)=inf(M+\AA'-(/^)). 

(1.29) 


Below normal states will loose their stability and above Fcg, the normal state is (up to 

a gauge transformation) the only critical point of the functional in (1.1). 

Our aim is to determine the asymptotics of all the critical fields as k —>■ -|-oo. This involves 
spectral quantities related to three models depending on T being empty or not. 

Let us introduce 

®o = inf KO > 


where ^ is the lowest eigen value of the operator 

subject to the Neumann boundary condition tt'(O) = 0. 


in 


Wj) 


Theorem 1.6. Suppose that T = {x G H : Bq(x) = 0} = 0 and that a G (7^(0) satisfies 
{a > 0} 7 ^: 0. Then, as k —> -l-oo, all the six eritical fields satisfy an asymptotic expansion in 
the form: 

a{x) a{x) 


FCa (^) = niax I sup 


;6H|Fo(x)|’S0o|Fo(x)| 


K -|- 0{k2' 


(1.30) 


Ao = inf A(r), 

tSR 


We introduce 


(1.31) 
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where A(r) is the lowest eigenvalue of the selfadjoint realization of the differential operator 

1 




in 


We consider, for any 9 G (0, vr) the bottom of the spectrum A(M^, 9) of the operator 


P 


Aapp.0,0 


/ \ 

with Aapp,0 = - ( Y cos 0, y sin 0 ) . 


(1.32) 


(1.33) 


Theorem 1.7. Suppose that F = {x : Bq{x) = 0} 7 ^ 0 , that (1.4) holds and that a G (7^(11) 


satisfies {a > 0} 7 ^ 0 . As k —> + 00 , the six critical fields in (1.27)-(1.29) satisfy the asymptotic 
expansion: 


Hcs (^) = sup 


a{x) 


sup 


a{x)'' 


xerno A||V5o(x)| ^emao A(M^, ^(x))^|V.Bo(a:)| 




Here 9{x) denotes the angle between VEo^x) and the inward normal vector —v{x). 

Organization of the paper. The rest of the paper is split into twelve sections. Section 
analyzes the model problem with a constant magnetic held and a constant pinning term. Sectionj^ 
establishes an upper bound on the ground state energy. Section contains useful estimates on 
minimizers. The estimates in Section |4] are used in Section [5] to establish a lower bound of the 


ground state energy and to hnish the proof of Theorem |1. 2 [ Corollary 1.3 and Theorem 1.4 In 
Section we discuss the conclusion in Theorem |1.2| by providing various examples of pinning 
terms obeying Assumption Section 7 is devoted to the proof of Theorem Section [ 8 ] 
generalizes a theorem of Giorgi-Phillips concerning the breakdown of superconductivity under a 
large applied magnetic held. Sections and 10 are devoted to the proof of Theorem 1.6 The 


proof of Theorem 1.7 is the purpose of Sections 11 and 12 


Notation. Throughout the paper, we use the following notation: 

• If 6 i(k) and h 2 {K,) are two positive functions on [kq^+oo), we write 6 i(«:) <C () 2 (k) if 
6 i(«:)/ 62 (k) —)• 0 as k —>■ 00 . 

• If 5 i(k) and 62 (z^) are two functions with 62 (r) 7 ^ 0, we write 5 i(k) ^ 2 (k) 

if bfin)/b 2 {P) —)• 1 as K —)• 00 . 

• If 61 ( a ) and 62 ( k ) are two positive functions, we write 61 ( a ) ~ 62( k ) if there exist positive 
constants ci, C 2 and kq such that ci 62 (k) < fei('^) < C 2 h 2 {ifi) for all n > kq. 

• Let a+(xo,K) = [a(xo,K)]+ and a-{xo,K) = [a(xo,K)]- where, for any x G M, [x]+ = 
max(x, 0 ) and [x]_ = max(—x, 0 ). 

• Given R > 0 and x = (xi,X 2 ) G Qr{x) = {—R/2 + xi,Rl2 + xi) x {—R/2 + 
X 2 , 7?/2 + X 2 ) denotes the square of side length R centered at x = (xi, X 2 ) and we write 

Qr = Qr(0). 


2. A REFERENCE PROBLEM 

The reference problem is obtained by freezing the pinning term and the magnetic held. This 
approximation will appear to be reasonable in squares avoiding the boundary and the zero set F 
of the magnetic held Bq. 
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2.1. A useful function. Consider R > 0, b > 0, ( £ { — 1,+1} and a G M. We define the 
following Ginzburg-Landau energy with constant magnetic field on by 


where 


= (^&l(V-fCAo)u|^ + ^ (a- dx, 


Ao(x) = ^(-X 2 ,Xi) , Vx = (X 1 ,X 2 ) G 


( 2 . 1 ) 

( 2 . 2 ) 


We have two cases according to the sign of a: 
Case 1. a > 0: 

We notice that 


where 


(u) = (u) 


b , ^ u 

— and u = —!= . 

a Ja 


We introduce the two ground state energies 

eN{b,R,a) = inf ■ u G H^{Qr;C)'^ 

eD{b,R,a) = inf : u G Hq{Qr;C)'^ . 

As Ff^Q^{u) = Fj^q^{u), it is immediate that, 


inf F^o^iu) = inf F,^’^{u). 


Using (2.5) and (2.6), we get from (2.3) 


e]\[{b, R, a) = o? e^r { —, ii, 1 j = o? e^r ( R 


a 


a 


and 


ez)(6, i?, a) = CD [ —, R, 1 \ = cr i R 


a 


a 


(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 


As a consequence of (|2.3D and (|2.4|), r is a minimizer of F~'^ if and only if r is a minimizer of 
- - b,QR 

F^q^- In particular any minimizer of F^q^ satisfies 


b,QR 


\u\ < Ja 


Recall from |T31 Theorem 2.1] that. 


iiu\ V eri(b,R) 

/ (i’) = -^2— 

R —^oo 


( 2 . 10 ) 


( 2 . 11 ) 


The next proposition was proved in |5l Lemma 2.2, Proposition 2.4] in the case a = 1. It’s 
present form can be deduced immediately from (2.8). 

Proposition 2.1. For all M > 0, there exist universal eonstants Cm bind Rm sueh that WR > 

Rm, V6>0, Va>0 such that 0 < — < M, we have 

a 

CRfib, R, a) > cr {b, R, a) — Cmo^R ( — 

^ eR{b,R,a) 




R 2 


a 



(2.12) 

+ Cm ^ . 

(2.13) 
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Case 2. a < 0 : 

When a < 0, we write a = —ao, ao ^ 0 and (|2d| becomes 


4 


^ + \ {<^0 + dx . (2.14) 


1 


2 d2 


It is clear that, 

a i“o« 

As a conseqnence, we have 


and 


2 d2 


< eD{b,R,a) < F^’q^{ 0) = ^a^R^ . 


When a = 0, it is easy to show that 


n%“»(“) = o. 


Notice that the only minimizer of F^q^ is u = 0. Thns, for any a < 0, we obtain 

eD{b,R,a) 1 2 

“ 2 " ■ 

3. Upper bound of the energy 


(2.15) 


The aim of this section is to give an npper bonnd of the gronnd state energy Eg(K, H, a, Bq) 
introduced in ( |1.14 ) under Assumption (1.15). For this we cover 14 by (the closure of) disjoint 
open squares {Qi{'y))'y whose centers 7 belong to a square lattice T^ = £Z x iZ. 

We will get an upper bound by matching together approximate minimizers, in each square 
Qei'j) contained in 14, obtained by freezing the pinning term and the magnetic field at a suitable 
point 7 . The size i of the square will be chosen as a function of k. We start with estimates in a 
given square Qi(xo) and will take later xq = 7 . 

About Assumption (A 4 ). 

We first explain what was meant in Assumption (A 4 ). By C{d{a > 0}) < CiK^ we mean the 
existence of C 2 > 0 and kq such that: 

\/k> Ko ,\/i < C 2 K ~2 , card {7 G T^ n 14 with Qei'j) n d{a > 0 } n 14 / 0} < CiK 2 i~^ . ( 3 .I) 


Using Assumption (1.9), for any xq G Qi{xo) and k > kq, we observe that. 


|a(x, k) — a{xo, k)| < ( sup |Va; a(x, k)| ) |x — xo| < F(k) , 


£ 


Vx G Qe(xo) ■ (3.2) 

Definition 3.1 (p-admissible). Let p G (0,1). ITe say that triple (£,xo,xo) is p-admissible if 
Qe{xo) C {|i?o| > p} n 14 and xq G Qe{xo). In this ease, we also say that the pair (£, xq) is 
p-admissible and the corresponding square Q(,{xq) is p admissible. 

We recall from |5l Section 3] the definition of the test function, 

~ _ , . _ fe*''^‘^"0’"oni?(f(x-Xo)) if x G Q^xq) C {Sq > p} n 14 

(|(x - xo)) if X G ^^(xo) C {Bo < -p} n 14, 


where ur G f4g(14) is a minimizer of Fj^q^ satisfying by (2.10) \ur\ < 1 and ^Pxo,xo is the function 
introduced in [U Lemma A.3] that satisfies 

|F(x) - Bo{xo)Ao{x - Xo) - V(^a,o, 5 ;g(x)| < Cf, 


Vx G Qe{xo). 


(3.4) 
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Here Bq = curlF and Aq is the magnetic potential introduced in (2.2). 

Let us introduce the function: 

'we,xo,xo{x) = , Vx G Qe{xo) . (3.5) 

Using the bound \wi^xo,xo\ < 1) which is immediately deduced from the bound of \uii\, we get 
from (|3.5|), 


\wi,xo,xo? < a+(xo,K). 


(3.6) 


Proposition 3.2. Under Assumptions (1.4)-( |l.7[ ), there exist positive constants C and kq such 
that if K > Kq, i G (0,1), 6 G (0,1), p > 0, i’^nHp > 1 and {£,xo,Xo) is a p-admissible triple, 
then, 


1 


\Qi{xq)\ 


£Q{w(,xo,xo,^]a,Qi{xQ)) < (1 + ( 5 ) k ^ 


f H\Bo{xo)\\ 1 

a+(a:o, r) / - pz -r + -a_(xo, - 

\Ka+[xo,K)J 2 


+ C ( ^ + + d-^K^£^ ] . (3.7) 


Proof. 

Let 


R = «:L7|ilo(xo)| and h = 


i7|Ho(5?o)| 


(3.8) 


First we estimate ^ IqAxo)^^^^’ ^)~\'^^,xo,xo\‘^)‘^ dx from above. Using (3.2), we get the existence 
of a constant C > 0 such that for any 6 G (0,1) and any k > kq, 


(a(x,K) - \wpxo,xo\‘^)‘^ dx < (1 +J)^ / {a{xo,K) - \wpxo,xo\‘^y dx 

^ JQiUo) 

+ (l + (5~^)— / (a(xo, k) — a(x, k))^ dx 


K 


| 2\2 


'Qi{xo) 


'Qe(xo) 


<(1 + <^)V / {aixo, k) -\wpxo,xo\‘^y dx 


2\2 


iQeixo) 


+ C 6 -^K^e^L{Ky 


(3.9) 

The estimate of jQ^f^xo) ~'^^di'P)wi^xQ,xo\^ dx from above is the same as in |5l Proposition 3.1]. 
We have 


/ \{V - iKHF)wpxo,xo\‘^ dx 

■JQeixo) 


<(l + <5) / -iKH{Bo{xo)Ao{x-xo) + Vp>xo,xo))wpxo,xo\'^ dx 


iQeixo) 


+ Cd ^KH^\wi^xo,xo\‘^ ■ (3.10) 


From (1.10), by collecting (3.9), ( |3.10[ ) and ( |3.6[ ), we find that, 

So{wi 

,Xo,Xq ) f') Qe{xo)) < {I + d)So{we,xo,xo, Bo{xo)Ao{x - xq) + Vipxo,xo',a{xo,K),Qe{xo)) 

+ C6~^{k‘^£‘^L{k)‘^ + k^£^ a+(xo) i^)) ■ (3.11) 
As we did in |5], we use the change of variable y = y(x — xq) and obtain 
“^0 (^'^£,xo,xq ) Ho(xo)Ao(x - xo) + V(pxo,xo; a(xo, k), Qeixo)) 

2 


'Qr 


a+(xo, k) 


yV - ijCeAo{y) ) UR{y) 


2 ,.2 


+ y (a(a:o, k) - a+(xo, k) \uR{y)f^ 


i ?2 


dy. 
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Here, we denote by Q the sign of Bq{xq). 

We distinguish between two cases: 

Case 1: When a{xo, k) > 0, we get 

£o{we,xo,xo, Bo{xo)Aoix - xq) + V(p^^^s^;a(xo,K),Qi(xo)) = 




b/a(xo,K),Qii 


(ur) ■ 


From (|2.7l) and (2.8), we obtain. 


1 


£o(we,xo,So,Bo(xo)Ao(x - xo) + V(p^g^s;o:a(xo,K),Q£(xo)) = -eoib, R, a(xo, k)) . (3.12) 


As a consequence of the upper bound in (2.13), the ground state energy eD{b,R,a{xo, k)) in 

b 


(3.12) is bounded for all 6 > 0 and R> I by: 

enib, R, a(xo, k)) < a(xo, nf R^ f 


a{xQ,K) 


+ CMa{xo, k) 2 Ry/b. 


(3.13) 


With the choice of R in (3.8), we have effectively i? > 1 which follows from the assumption 
R > iy/KHp > 1. 

We get from (3.12) and (3.13) the estimate 
£o{'W£,xo,xoX£\Bo{xo)\-^o{x - Xo) + V(pxo,xoia{xo, n), Qe{xo)) < a{xo, 


a{xQ,K] 


+ (3.14) 

VO 


with {b,R) defined in (3.8). 

By collecting the estimates in (3.11 )-(3.14) we get. 


R‘^ 


£oiwe,XQ,xoi'P'^ O'ixo, i^),Qiixo)) < (1 + (5) a(xo, n) -rf 


a{xQ,K) 


R 


+ Cm'^ + C5-\K‘^e^L{Kf + K*fa). (3.15) 

Vb 


Here, we have used the fact that a(a:o, k) < sup a{x, k) = a. 

Case 2: When a{xQ, k) < 0 , we have, 

4.2 r 

a{x, k) dx. 


£oiwi,xo,xo,'R',a{xQ,K),Qi{xQ)) = — 


Qii^o) 


From (3.2), we get the existence of a constant C > 0 such that for any 6 G (0,1), 

^2 


K 


£o{we^xo,xo,'R',a{xo,K),Qe{xo)) <{l + 6)Ya{xo,K) I +C5 k i L{Ky 


(3.16) 


The results of cases 1-2, we obtain, 
£o{we,xo,xo^^'^ ®(®o, k),Q£{xo)) < (1 + 


(B\Byxy)\\ 1 

+ cQai , (3.17) 


which finishes the proof of Proposition 3.2 


□ 


Application 3.3. 

We select i, p, 6 and the constraint on L{k) as follows: 

_ 7 _17 1 

i = K 22 ^ p = H L{k) < C K2 . 


(3.18) 
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and 


6 = K 12 


(3.19) 


Under Assumption (1.15), this choice permits to verify the assumptions in Proposition 3.2 and 
to obtain error terms of order o{k?). We have indeed as k —)> oo 

A 19 9 

- = K12 <C AC , 

L{k)‘^ < Ki 2 , 

= AC12 <c AC^ , 

= ACM ^ 1 , 


Theorem 3.4. Under Assumptions (1.4)-(1.8|, if (1.15) holds and L{k) < C k'^ , then, the 
Eg(AC, if, a, i?o) < Ac^ 


ground state energy Fjg(K, H, a, Bq) in (1.14) satisfies 

'H\Bo{x)\ 


'{a(a;,K)>0} 


a(x,Ac) / 


dx 


Ac 2 


AC a{x, Ac) 

/ a(a:, Ac)^ dx + o(ac^) , as ac —;■ oo . (3.20) 

{a(a:,K)< 0 } 


Proof. Let i G (0,1), 6 and p be chosen as in (3.18) and (3.19). We consider the lattice Vi := 
UL X UL and write, for 7 G Ti, = Qei'j). In the next decomposition we keep the p-admissible 
boxes Qei'j) in which in addition are either contained in {a > 0} or in {a < 0}. Hence we 
introduce 

^ ^ Hn {|Ho| > p;a > 0}} , = { 7 ; C Hn {|Ho| > p;a < 0}} , (3.21) 

and 

N~^ = card , N~ = card . (3.22) 

Under Assumption (1.8), we have. 


= |H|£ ‘^ + 0 {K 2 i ^+l ^ + pd ^), as AC —> +00 . 


(3.23) 


In (3.23), appears when treating the boundary of the set {a{x, ac) > 0} (using Assumption 

(A 4 ) as explained in (3.1)), appears in the treatment of the boundary and p£~‘^ appears when 
treating the neighborhood of L. 

In each /o-admissible Qgipi), we consider some 7 (to be chosen later) such that (£, 7 , 7 ) be a 
/ 9 -admissible triple. We consider and extend it by 0 outside of keeping the same 

notation for this extension. Then we define 

^b 7 , 7 (^) • (3-24) 

We compute the Ginzburg-Landau energy of the test configuration (s, F) in H. Since curl F = Bq , 
we get, 

£K,H,a,BQ{s,F, ^ ^ SQ(^wg^.yp,F, al^p, k'), Q^^g'). (3.25) 

7ei+pUi,-^ 


Notice that for any 7 G Q'y /, 0 ( 7 , ac) satisfies (3.2) with x = 7 and xq = 7 , and Bo{p) satisfies 
(3.4). We recall that / is a continuous, non-decreasing function (see [Sj Theorem 2.1]) and that 
Bq and a(-, ac) are in C^. Then, in each box Q-^^g, we select 7 G such that 


|a(7,'«)P/ 


HBoip) 
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and 


= Jni |a(7,A)p (if7GX. ) 
■y&Q^.e 


Using Proposition 3.2 and noticing that \Q-^/\ = we get the existence of C > 0 such that, for 
any 6 G (0,1) 

y] ‘^^o('(« 77 , 7 ,F;a( 7 , < k ^(1 + (5) V ^inf [ 0 ( 7 , a)]+/ f 

7 eX( 


■«.p 


+ ^2(1 + 5) ^ ^inf (g Q +5-1^2^2 ^(k)2 + 5-1k4^4^ ^ 2_ (3 26) 


7 eX 


■«,p 


We recognize the lower Riemann sum of the function x i —> [<i{x, k)]^ / ™ ^'^ 7 eX+ Qi/) 

and the function x i—)• [a{x,K)]‘^ in (U pj- Q^^e) ■ Notice that {U.ygi^ Q 7 /} C fl. Thanks to 


Application 3.3, using (3.23) and the non negativity of /, we get by collecting ( |3.25 )-(3.26) that, 

H\Bo{x)\' 


SK,H,a,Bois,F,n) < a{x,Kff 

J {a(a:,K)>0} 


. ,dx + 

K a(x, tv) J 2 


{cl{x,k)<0} 

Since {ip, A) is a minimizer of the functional a,So ( |1.1[ ), we get 

Eg (k, iP, Cl, Rq) ^ “f^KjSjajBo ('5) F, U) . 

This finishes the proof of Theorem |3.4[ 


a{x, kY dx + C K 12 . 

(3.27) 


□ 

4. A PRIORI ESTIMATES OF MINIMIZERS 

The aim of this section is to give a priori estimates for the solutions of the Ginzburg-Landau 
equations (1.12). In the case when a{x,K) = 1 the starting point is an L°° estimate of Y- This 
estimate can be easly extended in the general case considered in this paper when ( 1 . 12 )^ and 

(4.1) 


(1.12) hold. Let us introduce: 


a{K) = sup a{x, k) 


(4.2) 


Proposition 4.1. Let n > 0; if (V'j A) is a critical point (see (1.12 )), then, 

|V’(^)P < ™ax{a(«;), 0} , Vx G fl . 

Proof. We distinguish between two cases: 

Case 1: a{K) < 0. 

Multiplying the equation for Y in (1-12)^ by Y nnd integrating over fl, we get 

f \{V — iKHA)Y\‘^ dx = [ (a(x, k) — |'!/>p)|'!/>|^ dx . 

JQ. Jq 

Since {a{x,K) — |V’P) < ~IV’P) obtain that \Y\‘^ = 0 almost everywhere. 

Case 2: a(«:) > 0. 

We will show that Y £ C^{Ll). In fact, {Y, A) satisfies ( 1.12 )„, Y ^ IP{Ll) for all 2 < p < +00 and 
A G L7j;^(U) LP{Ll). Thus, Y ^ for all q < 2. As a consequence of the continuous 

Sobolev embedding of W^~^'^’‘’{Ll) into C-^(n) for any g > ^, we obtain that Y £ Define 

for any k > 0 the following open set: 


(4.3) 


fi+ = |x G D : \Yix)\ > -\/a(K)| , 


(4.4) 
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and the following functions on 


= , V' = IV'I - v/s(k) (p. 

m L 1 + 


It is clear that 


V 


IV'I - V«(^ 


= 112 +^ 


- \/a{K)^ = In+VlV'l 


Notice that ijj G H^{Q), so applying 1131 Proposition 3.1.2], we get the property that 
V IV’I — ■\/a{K) G L^(r2), which implies that {'ipl — ^/a(K) G 
We introduce an increasing cut-off function x £ such that, 


x{t) = 


and define 


f 0 for t < \\/a{K) 
I 1 for t > I y/a{K ), 

0 = X(H)^. 


(4.5) 


(4.6) 


Since xdV’l)]^ is smooth with bounded derivatives and ip G H^{Q.), the chain rule gives that 
p G . Furthermore, 

(V — iKHA)p = + \p\ — \/a{K) {V — iKHA)p. (4.7) 

(4.8) 


Using ( |4.5| ) and (4.6), we get 

ln+(V - iKHA)P = ln+(V - iKHA){\p\$) = ln+{pV\P\ + \P\iV - iKHA)P} . 
We have on 0+ that |(/>| = |(/>| = 1. Therefore 


pVp + pVp = pVp + pVp 

= v\p\^ 

= 0 . 


So, Re(ln^(()V^) = 0. This implies by using (4.7) and (4.8) that 


Re 


{(V - iKHA)p ■ (V - iKHA)iP^ = lo+ (|V|i/>||2 + (iV^I - v^) \P\\(y - inHA)p\‘^ 


Multiplying (1.12)^ by p and using (1.12)^, it results from an integration by parts over 11 that 
0 = Re Iy (V — iKHA)p{V — iKHA)p + p{\p\^ — a)p dx 
> Re 


(V — iKHA)p{y — iKHA)p -|- p {\p\‘^ — a{K)) p dx 


m 

> [ MP\\^ + {\P\-d{K))\P\\{V-iKHA)p(^ 
J il4- 


+ (iV'l + \/«M) (iV'l - VaM) \P\dx. 


Since the integrand is non-negative in 11+, we easily conclude that 11+ has measure zero, and 
consequently, we get that \p\ G L°°(n). 

Since U+ has measure zero and p G (7^(11), we get 

< a{K ), Vx G 11. 


□ 
































14 


K.ATTAR 


Corollary 4.2. Let k > 0; //(i/;, A) G x is a critical point, we have, 

\i’{x)\^ < max{a, 0} , Vx G , (4-9) 


where a = sup^a(K) was introduced in (1.10). 

The following estimates play an essential role in controlling the errors resulting from various 
approximations (see Section . These estimates are simpler than the delicate elliptic estimates 
in jl2) and |30| . 


Proposition 4.3. Suppose that (1.15) holds. Let (5 G (0,1). There exist positive constants kq 
and C such that, if k > kq and (V^, A) is a minimizer of (1.1), then 


C 


curl(A-F)||i 2 (f^) < — . 


C 


IIA - F||^2(q) < — , 

IIA - < — . 

Here we recall that F is the magnetic potential defined by 

curlF = So , F G 


(4.10) 

(4.11) 

(4.12) 

(4.13) 


Proof. Under Assumption (1.15), Theorem 3.4 yields 
II curl(A - F)||i 2 (f^) < ^ Eg (a, S, a, So) 5 


< 


1 

kS 


K I a{x,K.yf 


K a[x, K) J 2 , 


' {a(a:,K)>0} 

Using (1.6) and the bound f{b) < |, we get, 

||curl(A-F)||i2(f^) < 
As in |5l Proposition 4.1], we prove that 

C 


{a(a;,K)< 0 } 


a{x, tpy dx 


IA - F||^2(q) < — . 


(4.14) 

(4.15) 

(4.16) 


Now, the estimate in C^’^-norm is a consequence of the continuous Sobolev embedding of 
in C°’^(n). □ 

5. Lower bounds for the global and local energies 

In this section, we suppose that P is an open set with smooth boundary such that P <Z LI (or 
P = LI). We will give a lower bound of the ground state energy Eg(K, S^, a. So) introduced in 

dull. 


Proposition 5.1. Under Assumptions (1.4)-(1.7), there exist for all fd G (0,1) positive constants 
C and Kq such that if k > kq, i G (0, ^), 6 G (0,1), p > 0, i‘^KHp > 1, is a minimizer of 

(1.1), h G (7^(0), ||h||oo < 1 and (£, xo,xo) is a p-admissible triple, then, 

£o{hip,A;a,Qe{xo)) > (1 - d)K^ |a+(xo,K)^/ f— ) + ;^a_(xo,K)^ 


\Qi{xo)\ 


K a+(xo, k) ^ 

- Ck‘^ {5-^yL{K)‘^ + AV + + (a^)-^ + £L(k)) , (5.1) 


where L{k) is introduced in (1.9). 
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Proof. We distinguish between two cases according to the sign of a(xo, n) 
We begin with the case when 0(3:0 , k) < 0. We have, 


£o{h'il;,A;a,Qi{xo)) = 


K 

> - 

“ 2 


Qti^o) 
2 


\{V - iKHA)hijj\‘^dx + — 


iQeixo) 


(a(x, k) — Ih'ipl y dx 


'Qei^o) 


a{x, ipy dx — Kf 


’Qei^o) 


a{x, K)\hip\‘^ dx. 


Using (3.2), (4.9) and the assumptions on h, the simple decomposition a{x,K) = a{xQ,K) + 
(a(x, k) — a{xo, k)) yields for any 6 G (0,1) 


K 

y 


’Qei^o) 


a{x, dx > {1 — 5) 


K 


a(xo, dx 


/Qe(xo) 

+ {i-6-y‘ 


'Qtixo) 


(a(x, k) — a{xo, dx 


> (1 - 5) y a(xo, i^y \Q£ixo)\ - C5 ^K^fPiny \Q£{xo )\, 


(5.2) 


and 


— y / a{x, K)\h'il>\^ dx >—K 


'Qe(xo} 


^ I a{xo, K)\hy\‘^ dx — C£L{k) \Q£{xo)\ 
Qiixo) 

2 


> —c£l{k) y iq£(xo)| . 


(5.3) 


Collecting (5.2) and (5.3), we get, 

—^So{hy,A-,a,Qyxo)) > {l-d)'^aiPo,Ky-C6-\^fL{Ky-C'iL{ti)Ky (5.4) 

\Qe{xo)\ 2 

Now, we treat the case when a{xo,K) > 0. Let (fx^x) = (A(xo) — F(xo)) • x, where 


F is the magnetic potential introduced in (4.13). Using the estimate of ||A — F||(2;o,/3(q) given 
in Proposition 4.3, we get for any (5 G (0,1) the existence of a constant C such that for all 
X G Qeixo), 


A{x)-V<f>x,-P{x)\<C-. 


(5.5) 


Let xo G Qi{xq) and (/? = ‘.pxQ,xo + 4>xo with ‘Pxo,xo satisfying (3.4). We define the function in 

Qe{xo), 

u{x) = e“*'''^‘^/ii/i(x). (5.6) 


Similarly to (3.9), we have, for any <5 G (0,1) 
..2 r 


K 

y 


(a(x, k) — dx > (1 — 5)^ / [a{xo, k) — \hy\‘^y dx — C5 ^K‘^yL{Ky . 


2\2 


/Qeixo) ^ JQei^o) 

Using the same techniques as in [U Lemma 4.1], we get, for any /3 G (0,1), 


(5.7) 




|(V —iKiLA)/ii/:|^ dx > (1 —d) f \{V — iKH{Q\Bo{xo)\Ao{x — xo)+V(p{x)))h'ijj\‘^dx 

J Qeixo) 


p2.fi 

-cb-\KBy[tp—^ 


’Qeixo) 


\hil)\^ dx. (5.8) 












16 


K.ATTAR 


Thus, by collecting (5.7) and (5.8), using ( |1.7| ), ( |4.9[ ) and < 1, we get 

Soiki), A; a(xo, k), Q^xq)) > (1 - 0|-Bo(5o)| Ao(x - xq); a(xo, k),Qi{xo)) 


- ^ ■ (5-9) 


£2/3 X 


772 J 


Let R and b be as in (3.8). Let us introduce the function vi^xq,xq hi Qr as follows: 

^ ^o) if X £ Qr C {So > p} n n 

|n(^x + Xo) if X £ Qr C (So <-/?} n n , 


(5.10) 


where u is defined in (5.6). 

Similarly to ( |3.12 ), we use the change of variable y = y(x — xq) and get 

f’o(e"*'‘'^‘^/iV^(x),C£KS|So(xo)|Ao(x - xo);a(xo,K),Q^(xo)) = , (5.11) 

where jg introduced in (2.1). 

Since V£^xo,xo ^ H^{Qr) then, using (|2.12 ) and (2.13), we get 


If, 


+l,a(xo,K) 


5 ^,Qr 


(ve. 


X0,X0, 


> -bn (6, S, o(xo,k)) 

> ]-eD {b,R,a{xo,K)) - Cm a{xo,K)^^ 

b y/b 


r2 

> a{xo,Kf — f 


a{xo,K) 




(5.12) 


inserting (5.12) into (5.11), we get 


,R^ 


£o{e *'"'^‘^/iV’(x),OkS|So(xo)|Ao(x - xo);a(xo,K),Q£(xo)) > a{xo,Kf—f 


o(xo,k) 


R 


-Cm^. (5.13) 


Having in mind (|3.8|) and (|5.13|), we get from (|5.9|), 
1 


\Qi{xq)\ 


f’o(/ii/i, A;a(xo,K),Q£(xo)) > (1 - 5)K^a{xo,Kff (— \ 

V K a(xo, K) ) 


- C6-^^eL{KY - CirV'S" + Cay . (5.14) 


S2 J 


■I 


The estimates in (5.4) and (5.14) achieve the proof of Proposition 5.1 

; of t 

/3 = 


□ 


Application 5.2. ITe keep the same choice of i, p, L{k) and 6 as in (3.18), (3.19) and choose: 

3 

4 ■ 


(5.15) 


This choice and Assumption (1.15) permit to have the assumptions in Proposition 5.1 satisfied 
and make the error terms in its statement of order o^nf). We have as k —)> oo, 


5-^K^e = Ri2 <c 

5~^ L{k)‘^ = Ri2 ^2 ^ 


K 


- = R12 <C R , 


IL{k) = R12 <C 
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f‘K,Hp = At24 ^ 1 . 

The next theorem presents a lower bonnd of the local energy in a relatively compact smooth 
domain T) in O. We dednce the lower bonnd of the global energy by replacing T) by n. 

Theorem 5.3. 


Under Assumptions (1.4)-(1.81, if (1-15) holds, L{k) < C with C > 0, h € (7^(14), ||h||oo < 1, 
{'if, A) is a minimizer of (1.1) and T) an open set in Q, then as k —> +oo, 

'H\Bo{x) 


£{h'il), A; a, Bq, V) > £Q{h'ip, A; a, V) > 


/'Dr\{a{x,K)>0} 


a{x,Kyf 


K? 


X>n{a(fc,/^)<0} 


, dx 

K a{x,K) 

(x, dx + o (y) . (5.16) 


Proof. The proof is similar to the one in Theorem 3.4 and we keep the same notation. Let 

'^tp ~ ('^7ex+pQ7/) '^£,p ~ ('^7eX7p^7/) ’ 

where 7 G and 7 G TT are introdnced in (3.21). 


Thanks to Proposition |5.1[ we can easily prove the existence of positive constant C snch that for 
any 5 G (0,1) and ft G (0,1), 


Saihif, A; a, V) > ^(1 — 6) 


t'Df^n{a(x,K)>0} 


a{x,K) f 


2t ( H\Bo{x) 


dx 




'^e pri{a(a;,K)<0} 


K a{x, k) 

a{x, ipy dx > — C r{K, i, 6, p, L{K),ft) 


where 


r{K,i,6, p,L{k), ft) = K^i + K^p +'^ + 5 + d + d ^+ i L{k) . (5.17) 


Notice that nsing the regnlarity of dV, (1.4) and ( |1.8| ) (see (3.1)), we get the existence of constants 
Cl > 0 and C2 > 0 snch that, 

v£<C 2 k-^ vpG(o,i), \v\v+j + \v\viy<Ci{K^i + p). (5.18) 

This implies by nsing (1.7) and the npper bonnd f < 


I'D+r\{a{x ,k)>0} 


a{x,K)^f 


2f(H \Bq{x 


. I dx > a{x, k)^/ 

K tt(x, K) J n{a(a:,K)>0} 


2f(H\Bo{x) 


K a(x, k) 
1 


dx 


--a\V\Ve,p\ (5.19) 


and 


1 

2 


j a{x,K)‘^dx>- I a(x, a)^ dx — - a |I? \ 2?^ 

J'D~r]{a{x,K)<0} ^ J'Dp p>n|afa;,/tl<0} ^ ’ 


^£,pn{a(ai,/^)<0} 


(5.20) 


where a is introdnced in (1.10). 

Collecting (5.19) and (5.20), nsing Assnmptions (1.6) and (5.18), we find that. 


Soihif, A; a, V) > k^{1 — d) 


/'Dr\{a(x,K)>0} 

1 f 


a{x,K)^f 


2 t ( H |.Bo(x) 


dx 


+ 7 


f )Dn{a(x,K)<0} 


K a(x,K) 

a(x, k)^ dx > — Cr(K, £, d, p, L{k), /3) , (5.21) 
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where r{K,i,6, p, L{k), /3) satisfies (5.17). 

Under Assumption (1.15), the choice of the parameters p, i, L{k) in (3.18), <5 in (3.19) and /3 in 
(5.15), implies that all error terms are of lower order compared to 
As a consequence of (1.15), the inequality (5.21) becomes as k —> +oo 

£o{h'il), A; a,V) > \ / a(x, kY f ( — ' ] dx + - 


lT>r\{a(x,K)>0} 


^^{H \BYx)\ 

K a{x, k) 


f T>n{a{x, k)<0} 


a(x, kY dx 


Moreover, we know that 

£{h'ijj, A; a, Bq^V) > £o{h'ilj, A; a, V). 
This achieves the proof of Theorem |5.3[ 


+ o{tY). (5.22) 


□ 


As we now show. Theorem 5.3 permits to achieve the proof of two statements presented in the 
introduction: 

Proof of Corollary | 

If (V’) A) is a minimize!' of (|1.1[), we have 


Eg(/t, H) = £o{Y, A; a, £1) + {kHY [ \ curl (A - F) ^ dx , (5.23) 

Jn 

where £o{Y: O; ^) is dehned in ( |1.19 ). 

Using (1.17) and (5.22[) (with V = U), then under Assumption (1.15) as k —> +oo 


£^o(V’) A; a, U) = / a(x, k)^ / 

J {a(a;,K)>0} 


2 t (H \Bo{x}\ \ . K 


f 1 + A” 

K a[x, Kj / 2 


{a(ic,K)<0} 


Putting (5.24) and (1.17) into (5.23), we hnish the proof of Corollary 1.3 


a(x, kY dx + o . 

(5.24) 

□ 


Proof of Theorem \1.4\ 

Noticing that ( 5.22[ ) is valid when h = 1 and V replaced by •.= £l\'D for any open domain 
V <z£l with smooth boundary, then we get: 


£^o(V’) A; a, P^) > tY 


'ri{a{x, k)>Q} 


( ^2i{H\Bo{x) 

a{x,K) f 


K a(x, k) 


dx 


_^1 


l'D^r\{a{x,K)<0} 


a(x, a)^ dx > + o(k^) . (5.25) 


We can decompose £q{Y^ A; a, V) as follow: 

£q[Y, A; a, V) = £q{Y, A; a, O) - £o{Y, A; a, VY . 


Using (5.24) and (5.25), we get 


£^o(V’) A;a,P) < 


!'Dr\{a{x ,k)>0} 


a{x,K) f 


2 f f H |So(x)|\ 1 


K a(x, k) 


dx + - 


'T>n{a{x,K)<0} 


a(x, kY dx 


+ o{kY . (5.26) 


□ 
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6. STUDY OF EXAMPLES 


In this section, we will describe situations where the remainder term in (1.17) is indeed small 
as K —>■ +00 compared with the leading order term 


E^{K,H,a,Bo) := 
where, 


' {a(a:,K)>0} 


f (T 


. \Bo(x)\ 
a{x, k) 


^ 1 
ax + - 


' {a(a;,K)<0} 


a(x, dx , 


H 


a = 


( 6 . 1 ) 


( 6 . 2 ) 


Note that 0 < Amin < o' < Amax; so that a will be considered as an independent parameter in 
[Amin ) Amax] ■ 

We will also explore, case by case how one can verify Assumption (A4) as formulated precisely 

in dO. 


6.1. The case of a ^-independent pinning. 


Proposition 6.1. Suppose (1.4) and (1.15) hold. Let a{x,K) = a(x) where a{x) G C^(fl) is a 
funetion independent of k and satisfies, 


{x G : a(x) > 0} / 0, 


or 


(6.3) 


{x G H : a(x) < 0} / 0. 

There exist positive constants C and kq such that, 

Vk > Ao , E^{k, H, a, Bq) > C . 

Proof. Since a(x,K) = o(x), the energy E^ becomes: 


E^(K,H,a,Bo) := 


'{a(x)>0} 


a(xf f a 


\Bo(x)\ 

a{x) 






a(x)^ dx 


Each term being positive, it is clear that the leading term is positive if {x G H : a(x) < 0} 7^ 0. 
If {x G n : a(x) < 0} = 0 and {x G H ; a(x) >01/0, there exist po > 0, oq > 0 and a disk 
D{xo,ro) such that 

D{xo,ro) C {a(x) > oq} n {|.Bo| > po} • 


Using the monotonicity of / and the bound of a(x) in (1.6), we may write 

2-fH\Bo{x)\\ f F/^_I-So(t) 


' {a(x)>0} 


a(x) / 


K a(x) 


dx > 


' D(xo,ro) 


a(x) f a 


ax 


dx 


\ 2 2 F / Po \ 

>T^roaQf [—a] , 


(6.4) 


where a is introduced in (1.10). 

In particular, when (1.15) is satisfied, there exists kq > 0 such that 

'H\Bo{x 


Vk > Ko , 


' {a(a:)>0} 


a(x) / 


K a(x) 


dx>TTrl ao/ f^Amir 


(6.5) 

□ 
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a = 0 


Figure 1. Schematic representation of 0 with pinning term independent of k 
and with variable magnetic held. 

Proposition 6.2 (Verification of (244)). Suppose that the function a satisfies (see 

|a| + |Va| >0 in Q , 

Va X n 7 ^ 0 on r n dit , 


( 6 . 6 ) 


where F defined as follows: 


r = {x G n : a{x) = 0} . 


(6.7) 


Then Assumption {Afi} is satisfied. 


Proof. From (6.6), we observe that, 


card {7 G F^ n n with Qe{'y) n d{a > 0} 7^ 0} = card {7 G F^ n with Qiij) n F 7^ 0} . 

Let e G (0,1), we introdnce the domain 

= {x G n : dist(x, F) < e} . 

Now we give a rough upper bound for the area of Dg. 

By assumption F consists of a hnite number of connected curves, which are either closed in 
or join two points of dTl. Let us consider the hrst case, we denote by F^^^ such a curve. We 
can parametrize this curve using the standard tubular coordinates {s,t), where s measures the 
arc-length in F^^^ and t measures the distance to F^^^ (see m Appendix F] for the detailed 
construction of these coordinates). 

In the neighborhood of we choose one point 70 on F^^^ corresponding to (0, 0). Let V G N 
and C the length of F^^^. We consider for i = 0, ..., iV, Si = C (modulo CZ) and 7* = (sj, 0). 
Notice that, there exists a positive constant C such that. 


dist(7i,7i+i)| = {1 + ei)|sj - Sj+i| , 


C 


Thus, 


£ 

< — 
- N 


< IQa((su0)) 

N 




X G n : dist (^x. 

Coming back to our problem, we select N = and we note that 
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which implies that, 


DA<^{l + 0 {- 


N 


N 


<Ce[l + 0[-]]=eC{l + 0{e)). 


Hence we have shown that, 

In a similar fashion, we prove that 


\De 

lim sup- 

e-S-0 e 


lim inf ^ 
e ->0 e 


<C. 


> C. 


and, as a consequence, we end up with the following conclusion: 

lim ^—— = C . 
e ->0 e 


( 6 . 8 ) 


Coming back to Assumption (A 4 ), we now observe that all the Qei^j) touching T are inside 
hence we get, by comparison of the area 

£^card {7 G n H with Qii'j) HT ^ 0} < Ci , 

and consequently, there exist positive constants Ci, C 2 and kq such that 

Va > Ko , < C2K~2 , card {7 G n H with Qiij) n d{a > 0 } / 0} < Ci , 

which is a stronger form of (A 4 ). □ 

6.2. The case with a ^-dependent oscillation. 

6.2.1. Preliminaries. We start with two lemmas which are standard in homogenization theory 
(see [U Section 16-17]) 

Lemma 6.3. Let D d'S? be a bounded open set and ip be a -periodic continuous function 

in with Pti,T 2 = ^ T 2 Z. There exists a positive constant Mq such that if M > Mq, then, 


f \D\ /■^i 

/ ip{Mx)dx=-— / ip{ti,t 2 )dtidt 2 + 0{M 

Id -^1-^2 Jo Jo 




Lemma 6.4. Let D be a bounded open set and (f x D — )• be a continuous function 

satisfying: 

(j){t+ T,x) = <f{t,x), WT € TiZ X T 2 Z , (6.9) 

and uniformly Lipschitz, i.e. with the property that there exist constants C > 0 and eo, such that, 

\4>{t, x) — 4>{t, x)\ <C\x — x\ , Vt G , Vx, X G D, s.t. \x — x\ < co ■ (6.10) 

There exists a positive constant Mq such that if M > Mo, then. 


ID 


(f>{Mx,x)dx= / cj){x)dx + 0{M ^), 

Jd 


where. 


(f){x) = 


fTi fT2 


T1T2 


'0 Jo 


(j){{ti,t2),x) dtidt2 . 


( 6 . 11 ) 
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6.2.2. First example: 


Proposition 6.5. Suppose that (1.4) and (1.15) hold. Leta{x,K) = a{K^ x) where a{-) G (7^(12) 
is a TTi,T 2 -P^™d,ic /?inctzorQ Then the leading order term defined in (6.1) satisfies, 


E^{k, H,a, Bq) = / (|)_^_{x) dx + K^l^l (j)_ + o{k‘^) , as k —+oo . 


Here, 


and 


Proof. 


(p+ix) = 


fTi fTi 


T 1 T 2 


a+{ti,t 2 f f a 


'0 JO 

I fTi pT2 


T1T2 


'0 Jo 


1^0 (a;) I 

«+(ii) ^2) 

a_(ti, ^ 2 )^ dtidt2 ■ 


dtidt2 , 


We first estimate the second term in (6.1). We apply Lemma 
and ip = of, we obtain, 


6.3 


with D = Tl, M = 


[ a-{x,Kf dx = [ [ a-{ti,t 2 f dtidt 2 +0{k 2 ), 

In Jo Jo 


and consequently, 

.,2 / 




a{x, dx = K 


rTi j‘T2 

T1T2 Jo Jo 


I I a-{ti,t2)‘^ dtidt2 + 0{K'i). 


Now, we estimate the first term in (6.1). We first prove that / is a Lipschitz function in 
[bo, 1] with bo G (0, 1). We consider this restriction because when b —)• 0+ (see |5l Theorem 2.1]), 
/ satisfies, 

/(b) =^ 111 1(1+ »(!)), (6.12) 

and / is not a Lipschitz function at 0. We recall the definition of / 


where 


/ (t’) = lim ^ 1]) 1 

H —>00 it 

eD(b,i?) = infP+Q’+^(tt) := inf j ^b|(V - zAo)?xp + ^ (l - dx . 


From the definition, we can conclude that / is concave and hence locally Lipschitz in (0, + 00 ) 
(see m Theorem 2.35]). For completion we write below a proof making explicit the Lipschitz 
constant. For b' > 0, let u^r ,R e Tog & ixiiiiiiiiizGr of ■ TIigii for 3j11 b G (^0,1), wg 

havG, 

eD{b,R) < {ub!^ r) < enib',R) + ||(V - iAo)'Ub',R|li2(Q^)|b - b'| . 

Now, we estimate || (V — iAo)rtt)',_R||^2('Q^) from above. Coming back to the definition, we get the 
existence of a positive constant C, such that for any b G [bo, 1] and for any b' G [bo, 1], 

II(V - /Ao)ut,',R||^2(Q^) < J ^ . 


This implies that. 


eDib,R) < eD{b',R) + - b'\ 


^see Fig. 
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Dividing by E? and taking the limit as i? —)• +cx), we obtain 


Using the asymptotic behavior of / in (6.12) as b' —)• 0+, we finally obtain the existence of C 
such that 

f{b) < f{b') + C ^log |b — b'l , Vb, b' with 1 > b > bo and 1 > b' > bo . 
Exchanging b and b^, we have proved the 

Lemma 6.6. / is locally Lipschitz in (0,+oo). More precisely, there exists C such that for any 
bo >0, 

|/(b) — /(b')| < C ^log |b — b'l , Vb, b' with 1 > b > bo and 1 > b' > bo • (6.13) 

In addition, we have 


|/(b) — /(b')| < 2 |b — b'l , Vb, b ' with b > ^ and b^ > ^ • 


(6.14) 


To continue, we consider 

in>2 


X rip 3 {t, x) I—>■ (j){t, x) = a+(t)^ / cr 


|^o(a;)| 

a +{ t ) J ’ 


where, Dp := D n {|i?o| > p }- 

The periodicity condition in (6.9) is clear. Let us verify the Lipschitz property. Let 

, -^min 

bo =- P, 

ao 


where, Amin is introduced in (1.15) and ao = supa+(t). 

Let e > 0, = {t G M : a+(t) > e} and X_ = {t G M : a+(t) < e}, we distinguish between 

two cases: 

Case 1: (a+(t) > e). We observe that for {x,t) G Dp x X_|_, we have 

\Bo{x)\ o-|.Bo(x)| 

- "mo - ■ 

Thus, for any t G X_|_ and for any x,x' G Dp, we get 


a+itf f { cr 


|^o(a;)| 

a +{ t ) 


- a + it ? f { 


\Bo{x')\ 

a+{t) 


= a+(t)V(b)-/(b') 


< 


C (log^) \Bo{x)\-\Bo{x')\ . (6.15) 


Therefore, using also the Lipschitz property for x i—>■ |i?o(2^)|) we get that Dp 9 x i—>■ (p{t,x) is 
uniformly Lipschitz for t G X+. 

Case 2: (a+(f) < e). We observe that for {x,t) € rip x X_, 

(^\Bo{x)\ ^ o-|.Bo(x)| 
a+(f) “ e 

We note that /(b) = '^b > 1 (see m Theorem 2.1]). For this reason we choose 

'^min 

^ = -^P^ 
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which implies that for {x,t) G flp x X_, 

a\Bo{x)\ 


a+{t) 


> 2 


and 


/ ^ 


I-So (a;) I 


a+{t) 


Thus, for any t G X_ and for any x,x' G ilp, we get 


f cr 


I-So (a;) I 
a+{t) 


- a+itf f cr 


\Bo{x')\ 

a+{t) 




= 0 . 


Hence we get that Hp 9 x i-a x) is uniformly Lipschitz for t G X_ 


(6.16) 


Now, we apply Lemma 6.4 with D = Qp and M = k 2 and we obtain, 

[ a+{x,Kf f dx = [ '^{x) dx + Op{K~^), 

Jn, \ a+{x,K)J Jn 


(6.17) 


where cj) is introduced in (6.11). 

Coming back to the integral over H, we get, for any p G (0, po) and for any k > kq with pQ small 
enough and kq large enough. 


a+(x, a)^ / ( cr j dx = j 4>{x) dx + O(p) + Op{K 2). 

Cl-\- ( ^ ) 


(6.18) 


Here, we have used the fact that 0 is a bounded function in H. Let us show that the remainder 
term s{k) in the right hand side in (6.18) is o(l). The remainder term has the form si(k) + S 2(«^) 
with si{k) = 0{p) and S 2 {k) = Op{K,~ 2 ). Let us show that it is o(l). Given e > 0, there exists 
Pe > 0 such that |si(k)| < |, for all k > kq. Then, p = p^ being chosen, we can find > aq 
such that, for any k > k^, |'S2 (k)| < §• 



Figure 2. Schematic representation of a domain with a K-dependent oscillation 
pinning and with vanishing magnetic field along T. 


□ 


Proposition 6.7 (Verification of (^4)). 
satisfies 


Suppose that the function a defined in Proposition 6.5 


a\ + |Va;| >0 m . 


(6.19) 


Then Assumption (^4) is satisfied. 
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Proof. Using (6.19), a change of variable y = x and 7 ' = k 2 7 yields, 


card {7 G n U with Qi{'y) n d{x G : a(x, k) > 0} 7 ^ 0} 


= card{7'Gr 1 n/taUwithQ 1 (7^ n F / 0} 


where, 

f = {y G I a{y) = 0} . 

Let e G (0,1), we introduce the domain 

De,M = {y G M • n : dist(y, f) < e} . 


Thanks to ( 6 . 8 ) and the periodicity assumption, we get the existence of positive constants C, 
Mo and eo such that, for any e G (0, eo), M > Mq 

|F*e,M| ^ C M e . 

In the sequel, we choose M = and e = M \/2i. We note that, there exist constants c > 0 
and Ao > 0 such that, 

Vk > Ko , 0 < e < eo . 

We now observe that all the Q 1 ( 7 ) touching F are inside D 1 1 , hence we get, by com- 

parison of the areas 

A£^card{ 7 ^GF 1 flKariwithQ 1 ( 7 ') n F^ 7 ^ 0 } < 

There exist positive constants Ci and C 2 , such that, 

\/k > kq , \/i < C' 2«:“2 ^ card {7 G F^ n fl with Qe{'y) n d{x G Pt : a(x, k) > 0} 7 ^ 0} < Ci . 

□ 

6.2.3. Second example. This example was considered by Aftalion, Sandier and Serfaty (see {H 2 )). 

Proposition 6 . 8 . Suppose that (1.4) and ( 1.15| ) hold. Leta{x,K) = a(x)-|-/3(x, At), where /3 {x,k) 
is a nonnegative function and {a > 0} Pi fl 7 ^ 0 , (see Fig. [^. There exist positive constants Ti 
and Kq such that, 

Vk > Ato , E^{k, H, a, Bo) > n ac^ . 


Proof. We can write, 

^ a(x,At)2/f-^^^l dx>K^ 

V a(x,K) ) 


' {a(x,K)> 0 } 


{a(a:)> 0 } 


a{x,K)^ f 


2 MH\Bo{x)\ 


At a{x,K) 


dx 


> M 


I {a(a:)> 0 } 


a{x) f 


2 ? (H\Boix) 


At a 


dx. ( 6 . 20 ) 


Here we have used that / is increasing, the nonnegativity of (3 to get a(x, At) > a(x). Assumption 
{A 2 ) to estimate / from below, and {a(x) > 0} C {a{x, At) > 0}. 


Proceding like in (6.4), there exist ri > 0 and Ato > 0 such that 

.2 / 


VAt > Ato , 


' {a(3;,K)>0} 


a(x,At) / 


2 i (E |^o(a;)i \ ^ _ .2 


At a{x,K) 


dx > Tl At . 


( 6 . 21 ) 

□ 
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Figure 3. Schematic representation of some domain with pinning term depen¬ 
dent of K and with vanishing magnetic field along F. 


6.2.4. Third example: This example is similar to the previous example, but here we suppose that 

/3(x, k) = a{K^x), 

where a(-) is a positive function in 


Proposition 6.9. Suppose that (1.4) and (1.15) hold. Let a{x,K) = a{x) + a{K 2 x), where a{-) 
is a TTi,T 2 -P^™dic positive bounded function in a(-) G C'^(n) and {a < 0} H 14 = 0. Then 
the leading order term defined in (6.1) satisfies, 

E^{k, H,a, Bq) = rfi / 4){x) dx + o{k^) , as k —-l-oo . 

Jn 


Here, 


4>{x) = 


1 


rTi rT2 


T1T2 


{a{x) + a{ti,t 2 ))^ f { a 


'0 JO 


iBoix) 


a{x) + a{ti,t 2 ) 


dtidt2 ■ 


The proof of Proposition |6.9| is similar to that of Proposition |6.5[ 

6.3. Upper bound of the main term. 

It is easy to show that E^ is less than Ck? for some C > 0. Indeed, using the bound of a i 


m 


(1.6) and the bound f{b) < we have, 

-2 /■ a{x,Kff(-dx < Ck^ 

c,k)> 0 } \Ka{x,K)J 


> {a{x,i 


and 


— / a{x,Kf dx <Cnfi . 

7. Proof of Theorem fTbl 

The technique that will be used in this proof has been introduced by Helffer-Kachmar in 
for the case a{x, n) = 1. The proof is decomposed into three steps: 

Step 1: Case V = Tl. 

Let (V’) A) be a solution of (1.12). Thanks to (4.3), we have. 














2D GINZBURG-LANDAU FUNGTIONAL 


27 


f KV — ii^HA)'tp\‘^ dx = f {a{x, k) — dx 

Jq J £7 


= y / ia{x,n)^-\'iljix)\‘^)dx -j {a{x, k) - dx . 

t/ t/ 


Having in mind the definition of <?o('0) A; a, H), we get, 


y / (a(x,A)^ - |V’(x)|'‘)dx = £:o(V’, A;a,H). 


'£2 


(7.1) 


Using (5.24), we get that as k —> +cx) 
^2 r r 


IQ 


Notice that 


(a(x, k)^ — |'0(x)u) dx = 


' {a(a;,K)>0} 


a{x,Kyf 


^^fH\Bo{x)\ 


K a{x, k) 


dx 


+ 


' {a(fc,K)<0} 


a(x, dx + o (k^) . (7.2) 


a{x, k)^ dx = 


' {a(3:,K)<0} 


a{x, k)^ dx + 


Therefore, dividing (7.2) by k?, we get 
[ |V'(x)|'‘dx = - 


a{x,K) <2f 


{a(x,K)>0} 

H\Bo{x)\' 


a{x, k)^ dx. 


K a{x,K) 


' {a(3;,K)>0} 

Step 2: Upper bound. 

Let D C H be a regnlar domain and, for ^ G (0,1), 

= {x ■. dist(x, dV) > 1} . 
We introdnce a cnt-off fnnction ^ C“(M^) snch that 


dx — 1 > dx + o (1) . (7.3) 


(7.4) 


C 


0 < < 1 in , SUPPX£ C P, X£ = 1 in and |Vx£| < y “ 


(7.5) 


where C is a positive constant. We mnltiply both sides of (1.12)^ by X^V’- It resnlts from an 
integration by parts that 


IV 


{\{V-iKHA)xiy\^ - iyax}\y? + dx = / \Vxi?\y?dx 


IV 


= o{ry. 


(7.6) 


Here, we have nsed the fact that |V xi\^ = ^)) \'^i\ = the bonnd of ip in (4.9). 

We notice that xj ^ xj ^ We add to both sides the term ^ dx to obtain, 

^ ^|(V - iKHA)xi>'ip\^ + ya^ - K^yxiy? + dx < + y ^ dx . 

This implies that 


^o(xtV’, A;a,P) < — / {a-xt\W)dx + C(. 


o-i 


IV 


Using (7.5), we get 


IV 


|'0|^dx= [ xt\i’\'^dx+ [ {1 - xj)\i’\‘^ dx 
Jv Jv 


< / xllV’L^ + C"^, 

Jv 


(7.7) 
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and consequently, 


So{xeip,^]a,V) < [ {a^ - dx + C{e ^ 

^ Jv 


(7.8) 


Using (5.22) with h = xe taking the choice of £ defined in (3.18), we get, as k —)• +oo, 

^2 r 


K 


^ / {a^-\i2\*)dx> k'^ f a(x,K)V f— dx+'^ 

2 Jt) J'Dr]{a{x ,k)>0} V ^ CLyX, K) J 2 , 


/ a{x,Kf‘dx 

X’n{a(a;,K)<0} 

+ o (a2) . (7.9) 


Notice that. 


Therefore, 


Iv 


a{x,nfdx= [ a{x,Kfdx+ [ aix,Kfdx. 

J'Dn{a{x,K,)<0} J'Dr]{a{x,K,)>0} 


- — li’l dx>K / a{x,K) / . 

2 ./d ./Dn{a(a;,K)>0} V ^ Cl\X, K) 




/ a{x,K)^dx 

''Dr\{a{x 

+ o{k^). (7.10) 


2 

Dividing both sides by we obtain, as a —> +oo, 

[ 

Jv 


dx < — [ a{x, k)^ 1 2 / (— ) — 1 [> dx + o ( 1 ) . (7.11) 

JVn{a(x, k)>0} I V ^ ci(x, a) 


Remark 7.1. We can replace 2? by 2? such that the estimate in (7.11) is still true. That is: 


f dx < — [ a( 

Iv'' Jv''n{a{x,K)> 0 } 


Step 3: Lower bound. 

We can decompose |V^|^dx as follows: 


iv 


dx = [ IV’l^dx— [ IV’l^dx 

Jn Jv" 


Thanks to Remark 7.1, using the asymptotics in (7.3) obtained in Step 1 when V = Q and the 


upper bound in Step 2 , we get 

J 1-01^ dx < — [ a{x, k)^ 12 / f—) — 1 [> dx + o (1) . 


IVr\{a(x,K)>0} 


K a(x, k) 


(7.13) 


8 . Extension of the Giorgi-Phillips Theorem 

In this section we extend a result of Giorgi-Phillips |19| . in the two cases when the external 
magnetic field Bq is variable (i.e. P 7 ^ 0 ) and when the external magnetic field Bq is constant 
(i.e. T = 0 ), with a pinning term. We recall that the normal solution (0, F) is a trivial solution 


of the Ginzburg-Landau system (1.12). We will show that this solution is a global minimizer. 


when A and H are sufficiently large. We first establish a priori estimates for a critical point 
(V’, A) of the G-L-functional. 
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8.1. Estimates of A and of ||(V — 

We need the following estimates on A and on ||(V — iKHY)'il)\\ which are independent of the 
assnmption of F. 


Theorem 8.1. There exist positive constants Ci, C 2 and such that, if (1.6) hold, n > 0, 
H > 0 and is a solution of (|1.12[), then. 


||(V - iKHA)^l;\\L2^n) < Ci k ||V’||L2(n), 

cnrl(A - F)||i 2 (f^) < ^ U\\L^{n)M\LHn) > 
||(V -iAiFF)V^||i2(Q) < C'3K||t/>||i2(f2). 


( 8 . 1 ) 

( 8 . 2 ) 

(8.3) 


Proof. We first prove (8.1). In the case when a < 0 with a introdnced in (1.10), we get nsing 
(4.9) that fj = 0 and hence (8.1) is proved. 

In the case when a > 0, thanks to (4.9), we have, 

0 < (a-IV'I^) < a. (8.4) 


dx. 


We recall that if (^/>, A) is a solntion of (1.12) then, (see ( |4.3[ )) 

f \{V — inHdx = f {a{x, k) — \'if\‘^)\'ip\‘^ 

Jo. J ft 

Using (1.6) and (8.4), we obtain (8.1). 

Now, we prove (8.2). We obtain from the eqnation in (1.12)f, the following estimate (see m 
Eqnation (11.9b)]): 


kH 


[ I curl(A - F)|^ dx < ||(V - mifA)V’||L 2 (f^) ||(A - . 

Jn 


Using (8.1) and applying Holder’s ineqnality, we get 

kH j |curl(A-F)|^dx<C'A||V^||i2(Q)||V^||i4(Q)||A-F||i4(f^). 


We get by regnlarity of the curl-div system (see [T3l A.7]), 


l|A - F||j^i(f 2 ) < CII curl(A - F)||£, 2 (f 2 ), 

where C is a positive constant. 

By the Sobolev embedding theorem, we get, 

IIA - Fll^rj-Q) < Csob IIA - F||jyi(Q) 

< C||curl(A-F)||i 2 (f^). 

Conseqnently, 


kH 


curl(A - F)\^dx < k ||V’lli,2(n)||V’lli,4(n)|| curl(A - F)||i 2 (f 2 ) , 


which leads to (8.2). 

Finally, we prove (8.3). Using (8.2) and (8.6), Holder’s ineqnality gives, 

||(A-F)V^||i,(^)<||A-F||i4(^)||^||i4(^) 


< 




IIV’llL4(Q)||V’|li2(Q) 


(8.5) 


( 8 . 6 ) 


(8.7) 
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Using ( |8.1| ), ( |8.7[ ) and the bound of ijj above, Young’s inequality gives, 

||(V - < 2||(V - + 2 {kH^UA - 


( 8 . 8 ) 

□ 


8.2. The case F = 0. 

For G M, we consider the Neumann realization 1)^’^ in L^(M_|_) associated with the operator 
+ 0^) i-e- 

+ m^'^) = {u€B\R+):u>{0) = 0}, (8.9) 

where, 

B‘^{R+) = {u£ L‘^{R+) : G L‘^{R+),yp,q £ N s.t.p + q< 2}. 

M. Dauge and B. Helffer |in) (see also Fournais-Helffer m Proposition 4.2.2]) have proved that 
the lowest eigenvalue p of admits a minimum ©o, which is attained at a unique point < 0, 
and satisfies: 

©0 = inf^(^) =//(^o) < 1 • (8.10) 

Moreover 

eo = eo'. (8.11) 

We introduce the notation: 


in£ |i?o(a::)| = 6o and inf \Bq{x)\ = . (8.12) 

a-gQ x&dQ 


We denote by {BF-,Q) the lowest eigenvalue of the Schrodinger operator P’gp g 
with Neumann condition in L^(U): 


see 


(1.131) 


p^{]3F-,n) 


. r (-^BF,0 V’) "0) 


(8.13) 


In |13| . it is proved that 


Theorem 8.2. Suppose that 0 C is an open bounded set with smooth boundary and F = 0. 
Then, 


lim 

B —>-+00 


p^{BF,^) 

B 


= min(6o,©obo) 


(8.14) 


In the next theorem, we give a simple proof of the result which says that (0, F) is the unique 
minimize!' of the functional when H is sufficiently large and when the magnetic field Bq is 
constant with pinning term. 


Theorem 8.3. Let 14 C be a smooth, bounded, simply-connected open set and F = 0. Then, 
there exist positive constants C and kq, such that, if 


H > Ck , K > Kq , 


then (0,F) is the unique solution to (1.12). 
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Proof. We assume that we have a non normal critical point (ip, A) for £K,H,a,Bo- This means 

(8.15) 


that (V’j A) G x is a solution of ( 1 . 12 ) and 

/ dx > 0 . 


Therefore, we get from (4.9) that, 


x)\^ < a Vx G n , 


where a is introduced in ( 1 . 10 ). 
Let 


B = kH . 


(8.16) 


Theorem 8.1 tells us that, 




Since ip satisfies (8.15), this implies by assumption that the lowest Neumann eigenvalue 
fi^{BF]Q) of T’gp 0 in T^(fl) satisfies, 

^l^{BF■,n) <C . (8.17) 


Thanks to Theorem 8.2 we get the existence of a constant C > 0, such that, if H > C k, then 
(0, F) is the unique solution to (1.12). □ 

8.3. The case T 7 ^ 0 . 

We recall the definition of Aq in (1.31), the definition of T in (1.3) and for any 8 G (0, tt) we recall 
that A(M^, 8) is the bottom of the spectrum of the operator ^ q, with 


Define 


>-app ,0 = - ( Y cos t), y sm 0 ) . 


Q!i(Po) = ™in ^ An |VPo(a;)|, min A(]Ri, 0(x))2 |VPo(®)l 
' ^ xernn xernan \ -1- ^ 1 


(8.18) 


In |34| . it is proved that 


Theorem 8.4. Suppose that (1.4) holds andT / 0 . Then 

^^{BF,n) 


lim 
B —>-+00 


pi 


— «i(Po)^ ■ 


(8.19) 


In the next theorem, we give a simple proof of the result which says that (0, F) is the unique 
minimizer of the functional when H is sufficiently large and when Bq is variable. This result was 
obtained in |19) for the case with constant magnetic field and with a constant pinning term. 

Theorem 8.5. Let D C 6e a smooth, bounded, simply-connected open set, the pinning term a 
satisfying (1.6), and the magnetic field Bq satisfying (1.4). Then, there exist positive constants 
C and kq, such that, if 


H > Ck^ 


K > Kq . 


Then (0,F) is the unique solution to (1.12). 


Proof. Similarly to the proof of Theorem 8.3 we assume that we have a non normal critical 
point (V’, A) for 

Therefore, we get from (8.3) that, 

fi^{BF-,n) <C {B = kH). 


Thanks to Theorem 8.4 we get a contradiction, if P > Ck and C is sufficiently large. 


□ 
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9. Asymptotics of the case with non vanishing magnetic field 

The aim of this section is to give an estimate for the lowest eigenvalue /ii(K, H) of the operator 
(see ( 1.26| )) in the case when T = 0 with a K-independent pinning (i.e. o(x, k) = a(x)). 
Recall that the set V is introduced in (1.3). 

9.1. Lower bound. 

Without loss of generality we suppose that Pq > 0 in fl. Our results will be formulated by 
introducing: 

(9.1) 


Ai(Po) <7) = Hiiii inf {(T Po( 3 ^) ~ o(a^)} ) inf {©o o'^0(2;) — 0(2:)} 

x&dQ. 

where u is a positive constant. 

In the case when the pinning term is constant (i.e. a{x) = oq), (9.1) becomes as follows: 

Ai(Po, a, O') = cr min inf {Po(2;)},0o inf {^ 0 ( 2 ;)} ^ - no • 

I xGil I 


B 


This case was treated by Pan and Kwek 
Let B be the quadratic form of PfL b > i-e. 

B¥,— —a B¥,— —a 




|(V-iPF)V’r- -a(x)|V’r dx. 


a 


(9.2) 


Proposition 9.1. Let C he an open bounded set with smooth boundary, I a closed interval 
in (0,+ 00 ) and T = 0. There exist positive constant C and Bq such that if a ^ I, B > Bq, 
G \ {0} and a G (7^(0), then, 


B . 3 

- f - > - Ai(Po,a,o-) -CBi . 

L 2 (o) ^ 


(9.3) 


Proof. The proof is a consequence of the following inequality that we take from |13[ Prop. 9.2.1], 

[ \{V - iBF)f;\‘^ dx > [ {U{x)-CB^/^)\fj\‘^dx, 

J u Jo, 


where 


U{x) = 


BBq{x) if dist(x,dn) >B , 

QqB Bq{x) if dist(x, dn) < , 


(9.4) 


B > Bq, Bq and C are two constants independent of B. 

Clearly, there exist two constants C' > 0 and Bq> Q such that, for all a € I, we have, 

U (x)- a{x) > —Ai{Bq, a, a) — C'B^^^ . 

a a 


□ 


Coming back to our initial parameters k and H, we obtain: 


Theorem 9.2. Let C be an open hounded set with smooth boundary and P = 0. Suppose 
that (1.15) holds and a G (7^(14), then. 


Ai ( Po,a, ^ ) + 0 { k 2 )^ 


as K 


+00 , 


Here, Ai is introduced in (9.1). 
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Proof. We apply Proposition 9.1 with 


H 


B = kH , a = — and / = [Amin, Amax] • 

Kj 

Let us verify that the conditions of the proposition are satisfied for this choice. 
It is trivial that cr G /. Now, as a —>• +oo, we have, 

B = a ^ +00 . 

This implies that, as k —)• +oo, 

Hi{k, H) > Ai ^Bq, a, + O(k^) . 

This finishes the proof of the theorem. 

9.2. Upper bound. 


□ 


Proposition 9.3 (Upper bound in the bulk). Suppose that U C is an open bounded set with 
smooth boundary dit, Amax > 0 and T = 0. For any xq G Q, there exist positive constants C 
and Bo such that, if a ^ ( 0 , Amax], B > Bq and a G C^(U), then, 


13 1 

hB,a < - {CT Bo{xo) - a(xo)} + CB ^ . 
a 


Here, 


pLts^ = inf 




|2 

Il 2 (q) 


(9.5) 

(9.6) 


where b is introduced in (9.2). 

oF,-a ■ 


Proof. Thanks to (9.2), we have. 


Q' 


_8 (u) = [ \(V — iBF)u{x)\‘^ dx - [ a{x)\u{x)\‘^ dx . 

’ Jo cr Jo 


o 


The upper bound of the first term in the right hand side above is based on the construction of 
Gaussian quasi-mode (see m Subsection 2.4.2] for the case with constant pinning) centered at 
xo G n, 

ipi{x) = X (x - xo)) u (^^/BBo{xo) (x - xq)) • 

Here, X is a cut-off function equal to 1 in a neighborhood of 0 such that suppx 0 D{0, 1), the 
function cpo satisfies (3.4) and the function u defined as follows: 

-i 9 

TT 4 p|2 

u{x) = —2 . 

V2 

We note that suppy?i C H for B large enough. As in |13[ (2.35)], we get the existence of a 
positive constant Bq such that, for any B > Bq, 

f^\{V-iBF)M^)\‘^dx 


<BBoixo) + 0{B-2). 


(9.7) 


In \pi{xWdx 

To derive the upper bound for the second term, we use Taylor’s formula for the function a near 

xo, 


|a(x) — a(xo)| < C B 2 


X G iJ (xo, B 2 


(9.8) 


Using (9.8), since suppy?i C D [xo,B 2 y we get, 

— / a(x)|(^i(x)p dx < —a(xo) / |(^i(x)p dx-|-C2 / |(^i(x)pdx, 

JQ. Jo, Jfl 


(9.9) 
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and consequently 


B J^a(x)\cpiix)\^dx B , , , 

^ Jn\Mx>rdx a 


Collecting (9.7) and (9.10), we finish the proof of Proposition 9.6 


(9.10) 

□ 


Remark 9.4. When 


inf {cr 7 ^ 0 ( 2 ;) — a(a;)} < inf {©q (t i?o(3;) — 0 ( 2 :)} 
x&n xedn 


we notice that, if the infimum of a Bq(x) — a{x) was attained on dkl, (i.e. there exists xq G dkl 
such that inf 3 ;gn {a Bq{x) — a(x)} = a Bq{xo) — a(xo)), we would have, 

a Bq{xq) - a(a:o) < ©o o' Bq{xo) - a(xo), 

which is impossible, since ©0 < 1. Hence, we can choose xq G H, such that, 

cr Bo(xo) - a(xo) = inf {a Bq{x) - a(x)} , 

x&Q. 

and we apply Proposition |9.3| with 


B = kH and a = — . 

K 

Thus, we get the existence of a positive constant aq such that, if. 


K> kq and kq K ^ < H < X 


then, 


H 


iai{K, H) < inf < — Bq{x) — a{x) > + 0{k) 
xen I K 


as K 


+00 


(9.11) 


(9.12) 


Proposition 9.5 (Upper bound near the boundary). Suppose that H C is an open bounded 
set with a smooth boundary, Amax > 0 and P = 0. For any xq G dkl and for any a G (0, Amax]? 
we have, 

13 1 

RB,a < - (o- ©0 ^ 0 ( 2 : 0 ) - a{xo)) + 0(^2 ), as B ^ +00 . 


a 


(9.13) 


Here, ©0 is introduced in ( |8.10 ). 

Proof. We recall the definition of as follows: 

|(V — iHF)u(x)p dx B a{x)\u{x)\‘^ dx 
MeHi(n)\{o} V /ok(x)|2dx a J^\u{x)\'^ dx 

The first term in the right hand side is studied by Helffer-Morame (see |231 Theorem 9.1] with 
h = B~^ and or Fournais-Helffer (see |13[ Section 9.2.1]). They proved for any 

Xq G dkl the existence of Bq such that for B > Bq one can construct a trial function u such that, 

/^|(V-iHF)i2(x)|2dx 


In | 2 (x)| 2 dx 


<BeoBo(xo} + 0(B2}, 


as H —)• +00 . 


The estimates of the second term in the right hand side are just as in (9.10) and this achieves 
the proof of the proposition. □ 


Remark 9.6. dkl being compact, we can choose xq G dkl, such that, 

(T©oHo(xo) - a(xo) = inf {ct ©0 Ho(x) - a(x)} , 

x&dn 

and we apply Proposition |9.5| with 

B = kH and a = — , 

K 
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which implies under Assumption 9.11 that, 

inf I — 00 — a(x) 1 + 0 (a) , asK—)>+cx). (9.14) 

x£dn [ K J 

Remarks 19.41 and 19.61 lead to the conclusion in: 

Theorem 9.7. Let 17 C is an open bounded set with a smooth boundary and F = 0 . Suppose 
that (9.11) hold and a G (7^(17), we have 

^i(k, H) < Ai (bq, a, — j + 0(k) , asK +oo . 


Here, Ai is introduced in (9.1). 


Notice that the conclusion in Theorem 9.7 is valid under the assumption kH > Bq with ;Bo > 0 
sufficiently large. Lemma 9.8 below takes care of the regime where kH = 0(1). 

Lemma 9.8. Let Cmax > 0. Suppose that {a > 0} 7 ^: 0. There exists a constant kq > 0 such 
that, if 

K > Ko and 0 < H < , 

then 

//i(k, H) < 0 . 


Remark 9.9. The conclusion in Lemma 9.8 is valid in both cases where L = 0 and T ^ tj). 


Proof of Lemma 9.8 


Let £ > 0. Choose xq G 17 such that a(xo) > 0. We introduce a cut-off function Xi ^ 
satisfying: 




0<Xt<linK^, suppx£ C R(xo,^), Xi! = 1 in R (xq, ^/2) and \Vx£\<^- (9.15) 


e 


The min-max principle yields, 

H^^\K,H)\\xe\\l 2 (^^) < \{V - iKH¥)x£\^ dx - j^a{x)\x£{x)\‘^ dx . 

Using the assumptions on xi nnd the fact that F G a trivial estimate is. 


/ \{\7 - iKHF)xe\^ dx = / \S7xeix)\^dx + K^H^ / 

Jq j J B{xo,i) 

<c{i + {KHef). 

We write by Taylor’s formula applied to the function a near xq, 

— / a{x)\xeix)\‘^ dx <—a{xo) + C . 

Jn 

Collecting (9.16) and ( |9.17[ ) , we obtain, 

(k, H)\\xe\\l2^n) < - 0 (^ 0 ) + l + if) 

We select i = k~^ and note that nH < Cmax- We find that, 

pffn, L7)||X£||i2(Q) < — a(xo) k + + 1 + O^ax^ ^ ^ 

Since Xt 7^ 0 nnd a(xo) > 0, we deduce that, for k sufficiently large, 

<0. 


|Fxt(x)pdx 


(9.16) 

(9.17) 


□ 
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10. Proof of Theorem O 


TT^OC 


10.1. Analysis of and 

In this subsection we give a lower bound of the critical field (see (1.29)) and we give an 
upper bound of the critical field when the magnetic field Bq is constant with a 

pining term. 

Proposition 10.1. Suppose that {a > 0} 7 ^ 0 and P = 0 . There exist constants C > 0 and 
kq > 0 such that if 


A > Ko 


a(x) aix) 

H < K max sup , sup 


then, 

Moreover, 


xeh B,{x)\JnQoBo{x] 
/xi(a, H) <t). 


-Ck2 


( 10 . 1 ) 


a(x) aix) 

K max I sup , sup 


y.SBo{x)\JnQoBo{x) 
Proof. To apply the previous results, we take 


-Ck2 < H\ 


loc 
^ ^C3 • 


a{x) a{x) 

>^max = max sup „ . . , sup 


We have two cases: 
Case 1. If 


xmBo{x)\J^QoBo{x) 


aix) aix) 

xeo Bq{x) x&an -00(2:) 

a(x) 


+ 1 . 


then, there exists xq € 11 (the supremum of can not be attained on the boundary, since 

00 Bo (a;) ^ Bo (a;)!’ 

a(x) a(xo) 


sup 


60 Bo{x) Bo{xo) 


If (10.1) is satisfied for some C > 0, then, 

H_ ^ a(xo) 


K Bo{xo) 


-Ck-2 


that we can write in the form. 




^ — Bo{xo) — a{xo)j < —CM , 

where M > 0 is a constant independent of C. 

Suppose that kH > Bq where Bq is selected sufficiently large such that we can apply Remark 9.4 
(Thanks to Lemma [9.8[ pli{k,H) < 0 when kH < Bq). 

Remark |9.4| tells ns that there exist positive constants Ci and kq such that, for k > kq. 


H 


pii{K, H) < inf — Bo{x) — a{x) + Ci k 

y K, 

< {—Bq{xo) - a(xo) 1 + Cl 


< (Cl -CM)k2 . 

By choosing C such that CM > Ci, we get, 

//i(k, M) < 0 . 


( 10 . 2 ) 

(10.3) 
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Case 2. Here, we suppose that 


a(x) a(x) 

xGdQ ^0 -^o(^) 


By compactness, there exists Xq G such that. 


a(x) o,(xn) 

g-y^P _ — _ — _ 

x&dn ©0 Bo{x) ©0 -Bo(xg) 


If (10.1) is satisfied for some C > 0, then, 

^—©0 i?o(xQ) — a(xo)^ < —C M' K 2 . 

Thanks to Remark |9.6[ we get the existence of positive constants C 2 and kq such that, for k > kq, 

fH 


(10.4) 

(10.5) 


Ijli{k,H)<k^ inf ( — Qq Bq{x) — aix) ] + C 2 n 
\ ^ / 

< ©0 Ho(xo) - a(xo)^ + C 2 kA 

< {C2-CM')J . 

By choosing C such that C M' > ( 72 , we get, 

//i(k, i7) < 0 . 

This finishes the proof of the proposition. 


□ 


Proposition 10.2. Suppose that {a > 0} 7 ^: 0, Amax > 0 and T = 0. There exist eonstants 
C > 0 and kq > 0 such that if 


I ®(®) 

K > Ko , Amax K > H > K max SUp , SUp 


then, 

Moreover, 


xen Bo(x)\^a^n0oBo(x) 
/ii(/s), H) > 0 . 


-j- C 


( 10 . 6 ) 


T^IOC 


< K max ( sup 


o(x) 


sup 


a{x) 


,xen Bo{x)\^en0oBoix] 
Proof. To apply the previous results, we take 


C 


1 f a{x) 
^min = - max sup 


xeo Bo{x) ’ ©0 Bo{x) 


a{x) 


If (10.6) holds for some (7 > 0, then, for any x G H, we have. 


— Bq{x) — a(x) >Ck 2 , 


and, for any x' G dQ, we have. 


H 


—©oi7o(x') — a{x) > C K 2 


(10.7) 


( 10 . 8 ) 


Having in mind the definition of Ai in (9.1), the estimates in (10.7) and in (10.8) give us that 
for K large enough, 

Ai [bq, a, — j > ( 7 k “2 , 
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Thanks to Theorem 9.2, we get the existence of positive constants C and kq such that, for 
K > Kq, 

H) > Ai ^ — C ni 

> {C-C')kI 

To hnish this proof, we choose C > C. 

As a consequence, we have proved Theorem 


(10.9) 

□ 


1.6 


for and Hcl 


■cp 


10.2. Analysis of and Hc^- 

In this subsection we give a lower bound of the critical held (see (1.27)) and we give an 


upper bound of the critical held in the case when the magnetic held Bq is constant with 
a pining term. We start with a proposition which measures the effect of the localization at the 
boundary when H is sufficiently large. 


Proposition 10.3. Suppose that T = 0 and (|10.6|) holds. There exists a positive eonstant C, 

( 10 . 10 ) 


sueh that if {ip,A) is a solution of (1.12), then the following estimate holds: 


Proof. 


The techniques that will be used in this proof are similar with the ones in |14[ Lemma 2.6]. If 

( 10 . 11 ) 


H satishes (10.6) for some C > 0, then, for any x G fl, we have. 

K H Bq{x) — a{x) >Ck^. 

First, we let y G be a standard cut-off function such that 

y = l in[l,oo] and X = 0 in]—oo,l/2]. 

3 

Next, we dehne A = k“ 4, and Xn as follows: 


( 10 . 12 ) 

(10.13) 


Referring to ( |7.6| ), we have 

[ {\(y-iKHA)xK'tp\‘^-\VxK\‘^\'if\‘^) dx = [ |x«,|^(a(x) - |V'P)|^Apdx. (10.14) 

Ju Ju 

We estimate \ {y — iKHA)xK'4’\^ dx from below. As in j21l Proposition 6.2], we can prove that, 

f \{V - inH A)xKf^\‘^ dx > K H f cmlF dx - k H\\cuil{A - F)\\L2^n)\\xK'tp\\l4(n) ■ 

Jn Jn 

Noticing that curlF = Bq{x) and || curl(A — F)||L2(n) < have, 

|(V - iKHA)xKi>\'^ dx >KHj^ Bo{x)\xK'if\‘^ dx - ck ||V’||L2(n)llAKV’lli4(s^) . 
Implementing a Cauchy-Schwarz inequality, we get 

f \{V-iKHA)xKf^\'^dx>KHf Bo{x)\ xk'iP\‘^ dx - \\ip\\l 2 ^^) - K^\\xKf^\\t4^Q) ■ (10.15) 

Inserting ( 10.15| ) into (10.14), we obtain, 

[ [k H Bq{x) - a{x)) \xK'if?dx<c^ j dx+ j dx- j {xl - dx . 

J ^ J Vl J Vt J Q. 
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As a consequence of (10.11), the inequality above becomes, 
s'" 


Ck^ / \Xk'4’{x)\^ dx < / \il^\^dx+ / dx - / {xl - xi) dx . 




in 


Notice that —kP' (x^ — xt) dx < 0 . 

Decomposing the integral / IV'pdx = / Ixk'iP]'^ dx + / (1 — dx, using (10.11) and 


in 

.2 


choosing C such that C > 2c^, we get, 

\xkiIi{x)\‘^ dx < (c^ + ||x'llioo(K)A“ 2 ^^ 

3 

Recall that A = a“ 4 , we observe that, 

j \xKiliix)\‘^ dx < 4||x'||ioo(K) 
and consequently, we get, 

[ \'tjj{x)\'^ dx < UWx'Wlo^m + 1 


{aiGH: dist(a;,r)<A} 


IV'P dx. 


f dist(a:,r)<A} 




’ dist(ic,r)<A} 

By choosing C = max ^2 c^, 4 ||x^||^oo(r) + 1^ > we obtain, 

II'*/’IIl2(o) — ®IIV'llL4(n) • 


IV’P dx. 


□ 


Theorem 10.4. Supose that D = 0 and {a > 0} 7 ^ 0 . There exists C > 0 and kq such that, if 
H satisfies 


TT I 

H > K max sup , sup 


then (0,F) is the unique solution to (1.12). 
Moreover, 


H^Cs — ^ 


,^^Bo{x)\JneoBo{x) 

a{x) 


a{x) 


Bq{x) ’ ©0 Bq{x) 

Proof. We first observe that it results from Giorgi-Phillips like Theorem |8.3| that it remains 


+ C K 2 ^ 


C . 


(10.16) 


only to prove the theorem under the stronger Assumption (10.6). Suppose now that {'iIj,A) is a 
solution of ( 1 . 12 ) with fi 0, we observe that, 

0 < = — y {{(V — iKHA)'ijj\‘^ — K‘^a{x)\'ilj\‘^) dx := T . (10.17) 

We can write, 

—T > (1 — \/t k“^) f \{V — iKHF)'il;\‘^ dx — f a{x)\fi!f dx - f |(A —F)V'pdx 

Jn Jn V T Jn 


> 


H) Wnl^i^n) - Vt A-i||(V - m77F)V>||i.(o) - . (10.18) 

We reffer to ( |8.3[ ) and (8.7), we have, 

- T > hi{k,H) ||V’|li2(n) -CVt K||V’|li2(n). (10.19) 

Thanks to Proposition 10.3 using ( 10.17|), we get. 




( 10 . 20 ) 
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As a consequence of (10.20), (10.19) becomes, 

- T > H) -C'k-It. (10.21) 

Having in mind that 'i/’ 7^ 0 T > 0 (see ( 10.17| )), we deduce for k sufficiently large /ri(K, H) < 
0, which is in contradiction with Proposition 10. 2| Therefore, we conclude that V’ = 0, which is 
what we needed to prove. □ 

Proposition 10.5. Supose that P = 0 and {a > 0} 7 ^ 0. There exists C > 0 and kq such that, 
if H satisfies 

H <K max ("sup sup A - C , (10.22) 

\x&n Bo[x) 00 Bo{x) J 

then there exists a solution (if, A) of (jrg with UWl^q) + 0 . 

Moreover, 

a(x) aix) 

-, sup 


K max sup 


3Bo(.T)’;«neoBoW ' 


Proof. We use (t^*, F), with t sufficiently small and an eigenfunction associated with /ii (k, H), 
as a test configuration for the functional ( 1 . 1 ), i.e. 


In 


(|(V - iKHY)il}fi^ - a{x)\'il)fi^) dx = ■ 


Proposition 10.1 tells us that there exists a constant C such that, under Assumption (10.22), 
/ri(K, H) <{). 

Therefore, 

Ci{k,H) := [ {\(y - iKHF)fifi‘^ - aix)\il;fi‘^) dx < 0 . 

Jn 

We can write, 

£K,H,a,Bo{tfi*,F) =t‘^ [ {\{V - iKHF)'il;fi‘^ - a{x)\fifi‘^) dx + t^'^ [ dx +'^ [ a{x) dx 

Jn ^ Jn ^ Jn 


= t^ J +£:^_H,a,So(0,F). 


We choose t such that. 


Thus, we get 


Ci{k,H) +t'^ — / \fifi^dx<0. 

J Jn 




Hence a minimizer, which is a solution of (1.12), will be non-trivial. 


□ 


10.3. End of the proof of Theorem 1.6[ First, we will prove the following inclusion, 

AAi°=(/t) C W(a) . 

We see that H ^ AA(k), then (0,F) is a local minimizer of £K,H,a,Bo- Thus, the Hessian of the 
functional £K,H,a,Bo the normal state (0,F) should be positive. 

For every (</>, A) G H^{Q) x Ffjj^(H) we have. 


£K,H,a,Bo{t(f, F + tA) = t^ 


/ I curl A |2 dx 


+ 0{t^). 


This implies that the Hessian of the functional £K,H,a,Bo ^t the normal state (0, F) can be written 
as follows: 

i/ess(0,F) [fi, A] = Q^HF-K^ai^) + f \ curl A\^dx. 

Jn 
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Since i/ess(o,F)[</’) A] > 0, we get that > 0, and consequently H ^ A/'*°'^(k). Hence we 

obtain the above inclusion. 


On the other hand, if {ijj, A) is a minimizer of the functional in (1.1) with tp ^ 0, then (ijj, A) is 


a solution of ( 1 . 12 ), and we have the following inclusion, 

AA(a) c AA^p(k) , 


and consequently. 


AA‘°‘=(a) C AA(a) c AA'=p(k) . 


(10.23) 


Having in mind the definition of all the critical fields in (1.27), (1.28) and (1.29), we deduce that, 

(10.24) 


TtIoC / \ ^ TT 




Using (10.23), we observe that. 


M+ \ AA^p(k) C M+ \ N{k) C M+ \ . 

From the definition of all the critical fields, we conclude that, 

< ^C3(«) < ■ 


(10.25) 


We note that —C 3 — ^'cs- Therefore, all the critical fields are contained in the 

interval H^^]. 


By Proposition |10.l| and Theorem 10.4, we get the existence of positive constants C and kq, such 
that for K > Ao, 

/ a{x) a{x) \ ^ 1 , „ioc / -Tjcp 

K max sup sup . . ] - C k 2 < 

Vxef 2 ^o(a;) xedn Qo Bo{x) J 

( cl(x) a(x) \ ^ i , 

< K max sup „ . s , sup + C. (10.26) 

\x&Q Bo{x) 00 Bq{x) ) 


As a consequence, we have proved Theorem 1.6 for the six critical fields. 


Remark 10.6. As in m, it would be interesting to show that all the critical fields coincide when 
K is large enough. 


11. Asymptotics of the case with vanishing magnetic field 

In this section we give an estimate for the lowest eigenvalue //i(k, H) of the operator -k 2 „ 

(see (1.26)) in the case when T = 0 with a K-independent pinning, i.e. a{K,x) = a{x). The 


results in this section are valid under the assumption P 7 ^ 0 , where the set T is introduced in 

( 11 . 1 ) 


(1.3). Let 


B = kH 


and 


H 


We observe that. 


P: 


KH¥-K?a 


= P 


Q 


a = 


BY,-ay a 


We will give an estimate for the lowest eigenvalue /ig 5 of P^ 2 ■ After a change of notation, 

BF,-(f)3a 

we deduce an estimate for 
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11.1. Lower bound. In the absence of a pinning term, that is when a = 1, Pan and Kwek 
|34| gave the lower bound for the lowest eigenvalue /u(;BF) of when B —)■ + 00 . In this 

subsection, we determine a lower bound for fii when k —)• +00 and the pinning term is present. 
We first recall the definition of Aq in (1.31), the definition of P in (1.3) and for any 0 G ( 0 , tt) we 

recall that A(Ml, 0 ) is the bottom of the spectrum of the operator with 


1 , 0 : 0 ’ 


We then define for any a > 0, 


I ^2 n • n \ 

-app,0 = - ( y COS (9, y sm 0 I . 


Ai{Bo,a,a) = min ^mf^ Aq (a|VPo(a^)|) - a{x) , 


,6»(x)) (^?|VPo(a:)|)" -a(x)|| . (11.2) 


Here, for x G P Pi dH, 6(x) denotes the angle between VBq(x) and the inward normal vector 
-v{x). 

We start with a proposition that states a lower bound of fii{K,H) in the case when P 7 ^ 0 . 

Proposition 11.1. Let I be a closed interval in (0, 00 ). There exist two positive constants Pq > 0 
and C > 0 such that if B > Bo, a G I, G H^{Q) \ {0} and a G (7^(11), then, 


S'" w 

BF,-(|)3a 
2 

L2(0) 


2 

> ( ly (Ai(Po,a,a)-CP-T8 


(11.3) 


Proof. Let £ = B~’^P'^. We define the following sets, 

Di = {x G Tl ■. dist(x, P) <21'}, D 2 = {x G LI : dist(x, P) > 1} . 

Let hj be a partition of unity satisfying 

'^h] = l, ^ I V/ijf < C 

i=i i=i 

There holds the following decomposition, 

2 


supp/ijCPj (jG{l,2}). 


Q 


)3a BF,-(f)3a BF,-(f)3a 


BF,-(f)3a''' ’BF,-(f)9a' ' ’BF,-(f)Sa 

2 (/ii^/>) + Q^^ 2 / IV’pdx. (11.4) 

BF,-(f)3a BF,-(f)3a Jn 

We cover the curve P by a family of disks 

D{u}j,£) C {x G ; dist(x,r) < 21} and Pi C |^P(a;j,l) (cjj G P) . 

3 

Consider a partition of unity satisfying 

= Xj? < C £~‘^ and supp C ^(wj, 1). 

3 3 

Moreover, we can add the property that: 

either suppxj n P n dLl = 0 , either Wj G P n dH . 
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We may write, 


Q 


Di 


BF,-{§ya 


(/iiV’) = E2 


Di 


int 


BF,-(f)3a 


{Xjhl^p)+'^ Q 


bnd 


Di 

BF,-(f)3a 


iXjhi^p)-'^ [ \S/xj\‘^\hl^p\'^ dx , 

^ JDi 


(11.5) 

where ‘int’ is in reference to the fs such that Uj G F n and ‘bnd’ is in reference to the j’s such 
that a;j G r n 90. 

For the last term on the right side of (11.5), we get using the assumption on Xj'- 
[ \Vxj\‘^\hii;\‘^dx<Cr^ [ \hii>\‘^dx = CB^^/^^ [ |/iiV^pdx. 


( 11 . 6 ) 


I Dr 


'Dr 


'Dr 


We have to hnd a lower bound for 2 (^iV’) each j such that coj G F n 0 and for 

BF,-(|)3a 

each j such that wj G F H 90. Thanks to 133) . we have, 

[ \{X7 - iBF)xjh^|;\^ dx > bI [ ({Xo\VBo{ujj)\Y-CB-^/^^)\xjhii;fdx. 


(11.7) 


Using Taylor’s formula, we can write in every disk D(wj,i), 

\a{x) - a{wj)\ <Ci = CB-'^/^^ < . 

In that way, we get, 

E8°‘ 


int 


2 

b\3 


a 


Xo\d\VBo{ojj)\y - a{ujj) - CB J \xjhi'ip\‘^ dx 




xernn 


inf i Ao (9 |VSo(x)|y - a(x) i - C.B I ^ / IXihiV’P dx . (11.8) 


int 


In a similar fashion, the analysis in |33] and (11.7) yields, 

iXjhii') 


E ^ 


a 


aE 

bnd 


2 

B\^ 


X{Rl,e{ujj)) (d\VBo{u;j)\Y - aiujj) - CB-^/^y / \xjhl^|;\‘^ dx 


inf < A(Mi, 0(x)) ( o’I Vi?o(a: 
a;ernar2 \ ^ \ ' 


— a 


(x) [ - CB j I Ixi^iV’P dx . 

(11.9) 


bnd 


We insert (11.8), (11.9) and (11.6) into (11.5) to obtain. 


BF,-(f)3a 


2 

{hi'ijj) > (li{Bo,a,a) - CB~^/y J dx . (11.10) 

Now, we will bound /q |(V — iBF)h 2 'il^\'^ dx from below. Let ii < £, we cover D 2 by a family 
of disks 

D{ujj,ii) C {x G : dist(x,F) > .^ 1 } (w' G O) . 

Consider a partition of unity satisfying 

E.d = i. Ei^vi"<cG" 


and 


suppxi C D{ujj,ii). 
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There holds the decomposition formula, 

[ \ {V -iBF)h 2 ^\‘^dx = y] [ \ {V -iBF)xjh 2 ^p\‘^dx-y] [ \Vxj\‘^\h 2 ^p\‘^ dx 
Jn ■ Jn ■ Jn 


> 


^ \{V - iBF)xj h 2 'ilj\‘^ dx - l/iaV’l^dx, (11.11) 


We observe that there exists a gauge function (pj satisfying (see [U Equation (A.3)]), 

|F(x) - (5o(w')Ao(x - a;') + Vpj)\ < C in D{uj'j,£[). 

Using Cauchy-Schwarz inequality, we may write, 

[ \{V-iBF)xjh2^P\^dx>l [ \{V-iBBoiuj'j)Aoix-uj'j))e-^^^^Xjh2i^\^dx 
Jn ^ Jn 

-CB^ei [ \xjh2i^\^dx. 
Jn 

We are reduced to the analysis of the Neumann realization of the Schrodinger operator with a 
constant magnetic field equal to B Bq{uj'-) in our case. 

Notice that by the assumption on / 12 , there exist constants M > 0 and .So > 0 such that, for all 
j, |So(a;')| > M i \n the support of / 12 . Thus, 

Vj, S|So(w') I > M S £ = > 1. 

Moreover, the magnetic potentials Ao(x) and Ao(x — uj'^) are gauge equivalent since 

Ao(x - io'j) = Ao(x) - Ao(a;') = Ao(x) - V(Ao(a;') • x). 

Thanks to Theorem |8.2| there exists a constant Sq such that, for any S > So, we write by the 
min-max principle, 

|(V-zSF)x,h2V'Pdx> / \xjh2i^?dx-CBH\Y, jjXjh2i^\^dx 

j int 


int 


> 


Bi-CB^ef]^ \Xj h 2 ^l^\‘^ dx 


j \h 2 'ip\‘^dx. 


( 11 . 12 ) 


Putting (11.12) into (11.11), we obtain 


BF,-(f)3a 


{h 2 ' 4 ’) = J \{V — iBF)h 2 'tp\'^ dx — J a(x)|/i 2 V’P dx 


> 


(^^^B£-CB^ef-ce^^^ J |/i2V'|^dx 


-‘D 


2/3 


a(x)|h2V'P dx. 


(11.13) 


We choose ii = B ^ and ^ < P < ^- We observe that, 

S2 ej = B'^-^P <C S22/29 = J3i^ = B'^P ^Bi, S2/3 < S22/29 = Bl. 


In this way, we infer from (11.13), that there exists a constant c > 0 such that, for S sufficiently 
large. 


BF,-(f)3 


2 

(/ 12 V’) > cS^^/® [ \h 2 'tlj\‘^dx > Ai(So,a, a) [ \h 2 'tpf dx . 

a Jn V<^/ Jn 


(11.14) 
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Collecting (11.4), (11.10) and (11.14), we finish the proof of Proposition 11.1 


□ 


Theorem 11.2 is valid under the assumption that, 

H 


-^min ^ 9 ^ -^max j 


(11.15) 

where 0 < Amin < Amax < oo are constants independent of n and H. 

Theorem 11.2. Let C is an open bounded set with a smooth boundary and T 7 ^ 0 . Suppose 


that (11.15) hold and a G (7^(11), we have 


H 


/ii (a, H) > Ai { Bo, a, ^ ]+ 0{k ^ ), as a —)> +00 . 


Here, Ai is introduced in (11.2). 


Proof. We apply Proposition 11.1 with 


H 

B = kH , '5 = ^ and I = [Amin, Amax] 

Kj 


Let US verify that the conditions of the proposition are satisfied for this choice. Thanks to (11.15), 
a € I. Now, as K —)> +00, we have, 

B = a ^ +00 . 


This implies that, as a —)• +00, 


H 


Ai[Bo,a,^] + 0{n6). 


This finish the proof of the theorem. 

11.2. Upper bound. 


□ 


The next theorem is a generalization of the results in |34| and |33| valid when the pinning 
term a{K,x) = a{x) is independent of k and non-constant. 


We denote by /rg 5 the lowest eigenvalue of the operator P 


PLb,-5 = inf 

V' 6 Hi(n)\{ 0 } 


BF,-(f )3 a 


BF,-(f)3a 

(V’) 


i.e. 


Proposition 11.3. Suppose that P 7 ^ 0 and Amax > 0- There exist positive constants C and Bq 
such that, for a G (0, Amax], « £ (7^(11) and B > Bq, we have. 


[Ai{BQ,a,d)-CB 


Proof. Let xq G P. In 
nnP( 0 ,i 3 -Vi 8 ) and. 


y B> Bo 


(11.16) 

, a quasi-mode u{B, xo',x) is constructed such that, supp u{B, xq] •) C 


|(V — iBF)u{B, xo; x)p dx 


< Bi 


\u{B, Xo; x)p dx 
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where Bq and C are constants independent of the point xq and the parameter B, and 


A(xo) = 


Aq |VSo(xo)| 3 


if xo G r n rj. 


A(M^,0(xo)) |VSo(xo)|3 ifxoGrnaf^. 
Using the smoothness of the function a(-), we get in the support of u{B,xo‘, ■ 

|o(x) — a(xo)| < . 

Thus, we deduce that, 


,„,2 

BF,-(f)3a 




lh(^>a:o;-)lli2(n) 

Thanks to the min-max principle, we deduce that. 


a 


3 A{xo) - a{xo) + CB 


2 

Mb,? < (^a^A{xo) - a{xo) + . 


Since this is true for all xq G T, we deduce that, 

^Ai{Bo,a,a) + CB-^/^^') , 


'B\"3 

Mb,? < I — 


where Ai{BQ,a,a) is introduced in (11.2). 
Proposition 11.3| permits to obtain: 


□ 


Theorem 11.4. Let Amax > 0. Suppose that T ^ 0 and a G (7^(11). There exist two constants 
Cl > 0 and kq > 0 such that, if, 


then 


K > Ko , and KoK ^ < H < Amax^^ 


;Ui(k, H) < Ai ( Bq, a, ^ ] + CiK e , as k —)> +oo . 


(11.17) 


11.3 


Proof. To apply the results of Proposition 
sufficiently large that a G (0, Amax) and B large. 

Theorem 11.4|is valid when kH > kq and kq is sufficiently large. 


we take B = kH and a = We see for k 


□ 


12. Proof of Theorem O 


12.1. Analysis of and 


ttIoc 


C3 


'Ca- 




In this subsection we will prove Theorem 1.7 for 77^^ and Hq'^. We hrst recall some useful results 
from |34) about the relation between the eigenvalues Aq and A(]R^,0), introduced in (1.31) and 
in dost . 

Theorem 12.1. 

(i) A(M^,0) = Ao. 

(ii) If 0 < 9 <Tr, then A(M^,0) < Aq. 

The next proposition gives the region where p,i{n,H) < 0 that allows us to obtain an infor¬ 
mation about 77(see (1.29)) in the case when the magnetic held Bq is constant with a pining 
term. 
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Proposition 12.2. Suppose that {a > 0} ^ 0 and F 7^ 0. There exist eonstants C > 0 and 
Ko > 0 such that if 


, a(x)2 a(x)2 

K > Ko , H < max | sup —3 -, sup - 3— 

^xerno a||VBo(x)| A(M^, ^(x))^ |VSo(x)| 

then, 

Moreover, 


k^-Ck-^ , (12.1) 


iF) < 0 . 


max sup —j 


a(x)^ 


sup 


a(x)^ 


xerno a^|V5o(x)| ^^ernao A(M^, 6»(x))2 |V5o(x)| 


-Ck^ 


Proof. We have two cases: 

Case 1. Here, we suppose that, 


a(x)2 a(x)2 

sup —3 - > sup - 3 - 

cemn A|f|VHo(x)| ^ernao A(M^, 6»(x))2 |VHo(x)| 


Thanks to the assumption in (1.4), we have, for all x G T n 90, 0 < 6{x) < vr. Theorem 12.1 
then tells us that. 


V X G T n , 


a{x)'- 


> 


a(x): 


Thus, there exists xq G HriT such that (the supremum of — 3- 
on the boundary). 


A(M^,0(x))2|VHo(x)| Ao"|VHo(x)| 

in T n H can not be attained 


a(x) 2 


a(x) 2 


sup 


a(xo)^ 


-6rnoA2|VHo(x)| A^lVBo(xo)l 


If ( 12 . 1 ) is satisfied for some C > 0 , then. 


Id 

— < 


a(xo) 


that we can write in the form. 


K 


H. 


2 — 3 


2 1 

- CK-e 


Ao^|VHo(xo)| 


K Ao ^|VHo(xo)| - a(xo) < -CM k~ 


( 12 . 2 ) 


where M > 0 is a constant independent of C. 

Suppose that kH > Bq where Bq is selected sufficiently large such that we can apply Theo¬ 
rem 


11.4 (Thanks to Lemma |9.8[ p.i{K,H) < 0 when kH < Bq). 


By Theorem |11.4| there exist positive constants Ci and kq such that, for k > aQ) 


a;erno 


H 


inf I Ao - 7 |VHo(x)| - a(x) M-Ci k 




H 


< K Ao ^|VHo(xo)| - a(xo) +C1K6 




< {Cl-CM) Kir 


(12.3) 
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By choosing C such that C M > Ci, we get, 

Hi{k, H) < 0 . 


Case 2. Here, we suppose that 


a{x)2 a{x)2 

sup - 3 - > sup —3 - 

xernan A(M^,6»(x))2|VHo(x)| a^erno A||VHo(x)| 


The assumption in (12.1) and the upper bound in Theorem 11.4 give us, for all k > kq, kH > Bq 
and Bq a sufficiently large constant, 

< {Ci-CM)k^ . 

where M > 0 is a constant independent of C. By choosing C such that CM > Ci, we get, 

/XI (k, i?) < 0 . 

This finishes the proof of the proposition. □ 


. ttIoc 


The next proposition gives us a lower bound of (see (1.29)). This is obtained by localizing 
the region where /xi(k, ff) > 0 holds. 

Proposition 12.3. Suppose that {a > 0} 7 ^ 0, Amax > 0 and T = 0 . There exist constants 
C > 0 and kq > 0 such that if 


K ^ Kq , Amax ^ ^ H 


> max sup 


a(x): 


sup 


a(x); 


then, 


Moreover, 


Ao"|VHo(x)| A(M^,6»(x))2|VHo(x)|^ 


/xi(k, H) > d . 


+ C K6 , 
(12.4) 


ttIoc 


Hcs — I 


a{x) 2 


sup 


a{x) 2 


xernn Ao"|VHo(x)| A(M^, 6i(x))2 |VHo(x)| 


+ C K6 . 


Proof. Having in mind the definition of Ai in (11.2), under the assumption in (12.4), we get for 
K large enough. 


Ai { Bo,a, ^] > C M K 6 , 


(12.5) 


where M > 0 is a constant independent of the constant C. 

Thanks to Theorem 11.2 we get the existence of positive constants C and kq such that, for 
K > Kq, 

> {CM -C')k'^ 

To finish the proof, we choose C sufficiently large such that C M > C. □ 
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12.2. Analysis of and H, 


cp 

‘Ca- 


Proposition 12.4 below is an adaptation of an analogous result obtained in [21] for the func¬ 
tional in (1.1) with a constant pinning term. Proposition 12.4 is valid when P 7 ^ 0. Proposi¬ 
tion 12.4 says that, if (V', A) is a critical point of the functional in (1.1) and H is of order 
then IV’I is concentrated near the set P. 


Proposition 12.4. Let e > 0. There exist two positive eonstants C and kq sueh that, if 

K > Ko , H > e , 


and (V’j A) is a solution of (1.12), then 

llV’iii2(o) < <^«"^llV’iii4(n) 


( 12 . 6 ) 


(12.7) 


Proof. Let A = a 2 and fl;), = {x G : dist(x,511) > A &: dist(x, P) > A}. We introduce a 
function h G satisfying 


and 


0</i<linll, /i = linnv) supp h C 11 a/2 > 


(j 

I V/i| < — in n . 


where C is a positive constant. 

Using (8.2), we can prove that (see the detailed proof in |211 Eq. ( 6 . 6 )] when a is constant), 
|^o(a:)| Ihf^fdx - c K\\'if\\^ 2 (^^)\\hif\\%(^^^ < ^ |(V - iKHA)hiljf dx . 

Now, the Cauchy-Schwarz inequality yields, 

cKM\L2(n)\\hi^\\h{n) ^ c 2 ||V’||i 2 (f^) + K^||/iV’||i4(f^), 

which implies that 

f [k H\Bo{x)\ — a{x)) \h'tp\‘^ dx < f \{V — inH A)hfj\‘^ dx — k"^ f a{x) dx 

Jq Jq Jq, 

+ c^IIV’IIl2('q) -I- K^||/iV’||i4(f^). 

We may use a localization formula as the one in (10.14) (but with Xk = h) to write, 

f [k H\Bo{x)\ — a{x)) dx < f dx + f \Vh\‘^\'ijj\‘^ dx + f {h'^ — h‘^)\'ijj\‘^ dx 

Jq, Jq, jsi Jq 

< dx + [ jV/ipIV’P dx . 

JQ. Jfl 

Here, we have used the fact that h^ < h? since 0 < h < 1. 

By assumption (|1.4|), |Vi3o| does not vanish on P, hence 


|-Bo(x)|>^k 2 in {dist(x,r) > A} 


( 12 . 8 ) 


for some constant M > 0. 


Thus, by using (1.10) and (12.6), we get. 
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Writing / |'0|^ dx= \h'ip\'^ dx + / (1 — h‘^)\ip\‘^ dx and nsing the assnmption on h, we have, 

Jq Jq. Jq 


^ - 2 — 2 
—- K 2 — K a — c 

M 


') f |/iV’(x)p dx < (c^ + C a) f dx . 

' Jn Jn\nx 


For K large enongh, jj a — and 

f \h^l;{x)\‘^ dx < 2—C K ~2 

Jn ^ 

Thanks to the assnmption on the snpport of h, we get fnrther, 


' dx. 




f \Tp{x)\‘^ dx < ( 2 —C K 2 + 1 ) / I'i/’l^dx. 

Jn V £ / dr2\nA 


Recall that \ = k 2 . The Canchy Schwarz ineqnality yields, 




|V'(x)p dx < |n \ ( / l^/^l^dx) <Ck 4j / l^l^dx 


' r 2 \Q_x 


This finishes the proof of the proposition. 


□ 


Now, we can give an npper bonnd of the critical field in the case when T 7 ^ 0 and with 
a pining term. 

Theorem 12.5. Supose that T 7 ^ 0 and {a > 0} 7 ^ 0 . There exists C > 0 and kq such that, if 
H satisfies 


H > max sup 


o(x)^ 


sup 


a(x)^ 


xerno Ao 2 |VRo(x)| A(M^, 6»(x))2 |VRo(x)| 


+ C K6 


(12.9) 


then (0,F) is the unique solution to (1.12). 
Moreover, 


< max I sup — 


a(x) 2 


a(x) 2 


'Ca 


-, sup - 


^erno Ao 2 |VRo(x)| A(M^, 6»(x))2 |VRo(x)| 


+ C K 6 . 


Proof. In light of the result in Theorem 8.5, we may assume the extra condition that H < Amax«^^ 
for a sufficiently large constant Amax- 

We take the constant C in (12.9) as in Proposition 12.3 In that way, under the assumption 
in (12.9), we have 


/ri(K, id) < 0 . 


( 12 . 10 ) 


Suppose now that (V’jA) is a solution of ( 1 . 12 ) with 0. Similarly, as in the proof of 

Theorem |10. 4 we have, 

- T > -CVTkUWI,^^^ , (12.11) 

where T = is introduced in (10.17). 


To apply the result of Proposition 12. 4[ we take 


e = - max | sup 3 


a(x): 


sup 


a(x): 


^ernQ A^|VRo(x)| A(M^, 6»(x))2 |VRo(x)| 

||V'lli2(o) < CK"2||V’lli4(n) = Cn-i Vt . 


and get 


( 12 . 12 ) 
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Putting (12.12) into (12.11), we obtain, 

We conclude that, for k > kq and acq a sufficiently large constant, < 0, which is in 

contradiction with (12.10). Therefore, we conclude that = 0. □ 

Following the argument given in Proposition |10.5] we get: 

Proposition 12.6. Supose that P 7^ 0 and {a > 0} 7^ 0 . There exists C > 0 and kq such that, 
if K > kq and H satisfies 


H < max sup 


a(x): 


sup 


a{x)'- 


^xevnn A2|V5o(x)| ^ernao A(M^, 6 '(x ))2 |V.Bo(x)| 
then there exists a solution {if, A) of ((Hi) Uh^n) / 0. 


- C Ke , 


(12.13) 


Moreover, 


a{x) 2 


sup 


a(x )2 


max I sup 3 , , 

xernn A||VSo(x)| A(M^, 6 '(x))t|VSo(x)| 




End of the proof of Theorem \1.7\ All the critical helds are contained in the interval 
(the proof of this statement is exactly as the one given for (10.24) and (10.25)). 

By Proposition |12.2| and Theorem 12.5, we get the existence of positive constants C and kq, such 
that for K > Ao, 


a(x) 2 


aix) 2 


max I sup —§—-■, sup --- ^ -- 

xernn A||V5o(x)| ^ernan A(M^,^(x))^|V5o(x)| 




< max sup 


a(x )2 


sup 


a(x )2 


+ C K^' 


(12.14) 


^xerno Ao2|V5o(x)| ^ernao A(M^, 6 »(x ))2 |V5o(x)| ^ 

As a consequence, we have proved that the asymptotics in Theorem |1.7| is valid for for the six 
critical helds in (1.27), (1.28) and (1.29). 
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